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Abstract
In this thesis, we studied the Topologically Massive Gravity (TMG) in two perspec-
tives. Firstly, by using real scalar and abelian gauge fields, we built the Weyl-invariant
extension of TMG which unifies cosmological TMG and Topologically Massive Elec-
trodynamics (TME) with a Proca mass term. Here, we have demonstrated that the
presence of (Anti)-de Sitter spaces as the background solution, spontaneously breaks
the local Weyl symmetry, whereas the radiative corrections at two-loop level breaks the
symmetry in flat vacuum. The breaking of Weyl symmetry fixes all the dimensionful
parameters and provides masses to spin-2 and spin-1 particles as in the Higgs mecha-
nism. Secondly, we calculated the tree-level scattering amplitude in the cosmological
TMG plus the Fierz-Pauli mass term in (Anti)-de Sitter spaces and accordingly found
the relevant weak field potential energies between two covariantly conserved localized
point-like spinning sources. We have shown that in addition to spin-spin and mass-
mass interactions, there also occurs a mass-spin interaction which is generated by the
gravitational Chern-Simons term that changes the initial spin of particles converting
them to gravitational anyons. In addition to these works concerning TMG, we have
also discussed the issue of local causality in 2 + 1 dimensional gravity theories and
shown that Einstein’s gravity, TMG and the new massive gravity are causal as long as
the sign of the Newton’s constant is set to negative. We study the causality discussion
with the Shapiro time delay method.
1This is a Ph.D. thesis defended in METU Physics Department on the 10th of August 2017.
2E-mail address: kercan@metu.edu.tr, physicsercan@gmail.com
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1 Introduction
General Relativity (GR) developed by Albert Einstein in 1916 is one of the most novel devel-
opments of the last century physics. As is well-known, GR is the simplest and a somewhat
unique geometrical interpretation of gravitational interaction which describes a massless
spin-2 particle (i.e., graviton) in the quantum field theory perspective. The predictions of
GR have been approved by a large number of experiments, such as the perihelion precession
of Mercury, deflection of light by massive objects, gravitational redshift of light and grav-
itational lensing etc. Recently, it has been observed by LIGO that the gravitational wave
coming from two colliding black holes is in a complete and remarkable agreement with the
one that is predicted by GR [1].
Although Einstein’s theory overwhelmingly provides very successful solutions whose
strong and wide predictability have been approved by countless amount of observations, its
bare form fails to be a complete foreseeing theory in the extreme regimes, namely in the UV
and IR scales. Firstly, it is well-known that as one treats pure GR as a perturbative quantum
field theory, due to the existence of the dimensionful parameter (that is, Newton’s constant
with mass dimension −2), the catastrophic infinities at the second loop-level resulting from
the self-interaction of the gravitons cannot be handled and thereby the theory unavoidably
turns out to be a perturbatively unacceptable model. Thus, the pure GR is valid only within
a certain energy regime which means it is a low energy effective theory. As for the IR regimes,
it has been experimentally shown that GR in its bare form (without a dark sector) cannot
explain the accelerated expansion of universe and the rotational curves of outer objects in
galaxies that can be explained with by GR only if one anticipates a tremendous amount of
dark matter comparing with ordinary matter. Moreover, GR has not been unified with the
Standard model of particle physics. Thus, due to the noted problems in the both extreme
scales, a proper modification of GR seems to be inescapable.
To this end, several alternative approaches have been introduced up to now in order to
modify GR in such a way that the extended theory would particularly provide a well-defined
gravity theory. Within these approaches, here we will specifically consider the massive
gravity modifications of GR which suggest to give a small mass to the graviton: recall that
providing a tiny mass to graviton will mediate Yukawa-like gravitational force as ∼ e−λr
r2
(where Yukawa length scale λ is given in terms of graviton mass m as λ = 1
m
). With this,
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gravitational interaction becomes less attractive in large distances which leads to screening
effects on cosmological scales. Thus, this specific modification particularly has the potential
to provide some understanding of the IR problems of GR.
In this respect, the first linearly consistent massive gravity theory was introduced in
1939 by Fierz and Pauli [2] which is called the Fierz-Pauli (FP) theory. In this theory, the
FP mass term is added to Einstein theory with which graviton acquires a mass. With this
modification, the FP theory describes 5 degrees of freedom (DOF) in four dimensions at the
linear level while Einstein’s gravity has 2 DOF. Thus, it is natural to expect the massive
gravity theory to reduce to Einstein’s gravity in the massless limit. However, as one tries
to take the m → 0 limit of FP theory, one will realize that this limit of FP theory does
not reduce to Einstein’s theory. This problem is called the van-Dam-Veltmann-Zakharov
(vDVZ) discontinuity [3, 4]. To resolve this problem, although Vainshtein [5] claimed that
this discontinuity would appear only in the linear theory and thus disappear in the non-linear
level, it has been shown that the massive gravity theory actually has an additional 6th DOF
which causes a ghost-like instability at the non-linear level. This extra DOF is called the
Boulware-Deser ghost [6]. Thus, the massive modification of GR comes with the problems
of vDVZ discontinuity and instability in 3 + 1-dimensions.
To have some insights particularly in the idea of quantum gravity, due to its unique
properties, it seems to be useful to study on 2 + 1-dimensional toy models [7, 8]. The
reasons of preferring 2 + 1-dimensions as a platform is as follows: GR in 2 + 1 dimensions
does not possess any local DOF. This means that any vacuum solution of 2 + 1-dimensional
GR is locally equivalent to flat or maximally symmetric constant curvature backgrounds
((A)dS). That is, it is locally trivial. On the other hand, with a cosmological constant,
global properties of the GR is non-trivial. Particularly, it then describes asymptotically
AdS3 black hole solutions [9] which naturally lead to the additional microscopic DOF giving
rise to the celebrated Bekenstein-Hawking entropy. Additionally, Brown and Henneaux have
shown that 2 + 1-dimensional bulk AdS gravity theory with asymptotically AdS3 boundary
conditions gives rise to a 2-dimensional conformal field theory (CFT) on the boundary [10].
In this sense, cosmological Einstein’s theory describes a healthy holographic description with
globally non-trivial structure even if it does not have any local propagating DOF. Therefore,
quantum version of the cosmological GR has the potential to provide a well-behaved 2 + 1-
dimensional quantum gravity theory in the AdS/CFT context. Here, the natural question is
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what kind of the modification in the cosmological GR will supply such a complete quantum
gravity model which will also have local propagating DOF.
Topologically Massive Gravity (TMG) [11] seems to be the only viable lower dimen-
sional massive extension of the three dimensional Einstein’s theory with a dynamical DOF3.
TMG is a unitary and renormalizable theory at the tree-level and it is a parity non-invariant
theory which has a single massive spin-2 excitation about its flat or AdS vacua. However,
due to the emerging contradiction between the positivity of bulk excitations and the Brown-
Henneaux’s gravitational central charges for generic parameter µ, TMG has the inevitable
bulk-boundary unitarity clash in the AdS/CFT framework. Fortunately, a particular reso-
lution of this conflict was suggested in [13] where it has been shown that the cosmological
TMG is stable in the chiral limit. At the chiral limit, the theory has only right moving
mode with positive central charge on the boundary. Thus, due to this fact, chiral limit of
cosmological TMG4 has a notable potential to provide consistent quantum gravity theory in
the AdS/CFT framework. Due to these appealing properties, many works have been devoted
to understand the physical properties of TMG.
This thesis is based on the following papers:
1. S. Dengiz, E. Kilicarslan and B. Tekin, “Weyl-gauging of Topologically Massive Grav-
ity,“ Phys. Rev. D 86, 104014 (2012) [18].
2. S. Dengiz, E. Kilicarslan and B. Tekin, “Scattering in Topologically Massive Gravity,
Chiral Gravity and the corresponding Anyon-Anyon Potential Energy,“ Phys. Rev. D
89, 024033 (2014) [19].
3. J. D. Edelstein, G. Giribet, C. Gomez, E. Kilicarslan, M. Leoni and B. Tekin, “Causal-
ity in 3D Massive Gravity Theories,“ Phys. Rev. D 95, 104016 (2017) [20].
In the first paper, the Weyl-invariant extension of TMG which unifies cosmological
3There is also an other well-known massive gravity theory which is known as New Massive Gravity (NMG)
[12] that has quadratic curvature terms. The theory describes a massive spin-2 particle with two degrees of
freedom. NMG is a unitary theory for suitable choices of parameters but it is not renormalizable. This theory
also suffers from the bulk-boundary unitary conflict, hence it is not suitable for holographic description.
4In [14], it has been claimed that Chiral gravity has problematic log mode solutions which lead the non-
unitary. But, It was proposed in [15, 16] that there is a linearization instability and recently it was shown
[17] that these problematic modes are an artifact of first order perturbation theory and so they are not
integrable to full solution.
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TMG and Topologically Massive Electrodynamics with a Proca mass term is constructed.
Here, the tree-level perturbative unitarity of the Weyl-invariant TMG and its particle spec-
trum are studied in detail. It is shown that the theory does not have any dimensionful
parameters; hence spin-2 and spin-1 particles acquire masses via the breaking of the Weyl’s
symmetry either spontaneously in AdS vacuum as in the Higgs mechanism or radiatively in
flat vacuum as a result of the Coleman-Weinberg mechanism.
In the second paper, from the wave-type equation for cosmological TMG augmented
with the FP mass term, the particle spectrum of the theory in various special limits in
(A)dS backgrounds are studied. In doing so, we calculate the tree-level scattering amplitude
and compute the associated non-relativistic potential energies between two locally spinning
conserved point-like sources. It is shown that in addition to spin-spin and mass-mass interac-
tions, there is also mass-spin interaction which is induced by the gravitational Chern-simons
term which changes the initial spin of particles turning these into gravitational anyons. Here,
we also briefly discuss the flat space chiral gravity limit of the scattering amplitude.
In the last paper, the local causality problem in the 2 + 1 dimensional massive gravity
theories is studied in detail. Here, it has been shown that the causality and unitarity are
not in contradiction in bare GR, TMG and NMG as long as the sign of Newton’s constant
is set to be negative. Furthermore, we also discuss the 2 + 1-dimensional Born-Infeld gravity
and show that the related causality and unitarity are compatible with each other. This
is in sharp contrast to the Einstein-Gauss Bonnet and cubic theories in higher dimensions
(n ≥ 4) where causality and unitarity are in conflict. The causality issue has been studied
in asymptotically Minkowski and AdS spaces.
1.1 The Fierz-Pauli Theory
The first modification of Einstein’s gravity with a mass term was given by Fierz and Pauli
and is described in the generic D-dimensional spacetime as follows [2]
I =
1
κ
∫
dDx
√−g
(
(R− 2Λ)− m
2
4
(h2µν − h2)
)
, (1.1)
where κ is the D dimensional Newton’s constant. It describes a free massive spin−2 particle.
The second term in the action is the FP mass term and unavoidably breaks the gauge
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invariance of pure GR5. Because of the violation of gauge invariance, the theory has D + 1
constraints and thus it defines (D+1)(D−2)
2
DOF at linearized level in D dimensions. It is
also important to note that FP mass term is a unique combination for ghost and tachyon-
freedom. This is called the FP-tuning. More precisely, one should notice that if one chooses
a different coefficient between h2µν and h
2 instead of the FP tuning (that is, −1), then a
scalar ghost appears as an extra DOF. To see this, let us consider the FP action with an
arbitrary coefficient a between h2µν and h
2 instead of the FP tuning. For this purpose, we
shall be interested in the weak field limit in which the linearized field equation about a AdS
background gµν = g¯µν + hµν reads
GLµν +
m2
2
(hµν + ag¯µνh) = 0, (1.2)
where the related linearized tensors are given as follows [21]
GLµν = RLµν −
1
2
g¯µνR
L − 2Λ
D − 2hµν ,
RLµν =
1
2
(∇¯σ∇¯µhνσ + ∇¯σ∇¯νhµσ − ¯hµν − ∇¯µ∇¯νh),
RL = (g¯µνRµν)
L = −¯h+ ∇¯µ∇¯νhµν − 2Λ
D − 2h.
(1.3)
Here, h = g¯µνhµν . Since we have ∇¯µGLµν = 0, then the divergence of Eq.(1.2) yields (for
m 6= 0)
∇¯µhµν = −a∇¯νh. (1.4)
Using this, the linearized Einstein tensor GLµν can be recast as
GLµν =
1
2
(
− ¯hµν + (a+ 1)g¯µν¯h− (2a+ 1)∇¯µ∇¯νh
+
4Λ
(D − 1)(D − 2)(hµν +
D − 3
2
g¯µνh)
)
.
(1.5)
Subsequently, by inserting Eq.(1.5) into Eq.(1.2) and later taking the trace of it, one obtains(
(D − 2)(a+ 1)¯+ 2Λ +m2(1 + aD)
)
h = 0. (1.6)
Thus theory has a scalar ghost for a 6= −1, this can be seen explicitly by decomposing hµν
as a transverse traceless helicity-2 tensor (hTTµν ), a helicity-1 vector (V
µ) and scalar field
5That is, with the FP term, the modified GR is not invariant under the diffeomorphism defined as
δhµν = 2∇(µξν) any more.
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component (φ). After plugging this decomposition into the FP action, one can see that
scalar field comes with the wrong kinetic energy sign and verifies the Eq.(1.6). Thus, one
needs to select a = −1 (that is, FP tuning) and m2 6= 2Λ
(D−1) for the ghost freedom. Here,
the specific choice of m2 = 2Λ
(D−1) is partially massless point at which h is not fixed any more
and a new symmetry arises.
As was mentioned above, one naturally expects that the massless limit of FP theory
must yield the GR after working out some physical quantities. However, this has been shown
to cause the problem of vDVZ discontinuity [3, 4]. As the corresponding weak field limits
are analyzed, one will see that the massive gravity causes a deviation of 25 percent in the
ordinary result for the light bending angle or a similar discretely different result for the static
Newton’s potential. The source of the discontinuity can be explicitly shown by using the
Stuckelberg trick in which new gauge fields are introduced in such a way that the DOFs are
intact without changing the dynamics of the theory [22, 23]. In order to see the origin of
this, let us now consider the source coupled linearized FP action in a flat background [23]6
IO(h2) =
∫
dDx
√−g
( 1
2κ
hµνGLµν −
m2
2κ
(h2µν − h2) + hµνTµν
)
, (1.7)
where Tµν is the energy-momentum tensor. To preserve gauge symmetry, let us now introduce
the following transformations
hµν → hµν + ∂µAν + ∂νAµ, Aµ → Aµ + ∂µφ, (1.8)
where Aµ and φ are auxiliary Stukelberg vector and scalar fields, respectively. After scaling
the fields as φ → φ
m2
, Aµ → Aµm to bring the kinetic energies of fields to the canonical form
and later taking massless limit (m→ 0), Eq.(1.7) takes the form
IO(h2) =
∫
dDx
√−g
( 1
2κ
hµνGLµν(h)−
1
2
FµνF
µν − 2
κ
(hµν∂
µ∂νφ− h∂2φ) + hµνTµν
)
. (1.9)
Here, Fµν = ∂µAν − ∂νAµ. Then, with the redefinition of graviton field as hµν → h˜µν +
2
D−2ηµνφ, the scalar and spin-2 fields will decouple from each others and one will finally
6We will do this analysis in flat space since it was shown that vDVZ discontinuity can be cured if one
adds the cosmological constant to the theory, see for details [24].
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arrive at
IO(h˜2) =
∫
dDx
√−g
( 1
2κ
h˜µνGLµν(h˜)−
1
2
FµνF
µν − 2
κ
D − 1
D − 2∂
µ∂νφ+ h˜µνTµν
+
2
D − 2φT
)
.
(1.10)
Observe that the gauge symmetries of the action are δh˜µν = 2∇(µξν) and δAµ = ∂µλ. It
is also important to note that the source of vDVZ discontinuity is the coupling between
scalar field φ and trace of energy momentum tensor T . On the other hand, one can realize
that the theory still has (D+1)(D−2)
2
DOF within which D(D−3)
2
corresponds to massless spin-2
field, D − 2 corresponds to massless vector field and 1 corresponds to scalar field. Thus,
the Stuckelberg mechanism does not alter the fundamental DOF. Furthermore, this analysis
shows that the massless limit is not smooth since the extra scalar DOF which does not exist
in GR survives in this limit.
Vainshtein [5] claimed that the vDVZ discontinuity was an artifact of linear theory, at
the non linear level, and thus it could be recovered by non-linear effects. However, it was
shown that the massive gravity in four dimensions have 6 DOF at the non-linear level, while
it has 5 DOF at the linear level. This extra sixth dynamical mode leads to a ghost-like
instability and is known as Boulware-Deser ghost [6].
1.2 Topologically Massive Gravity
Topologically Massive gravity (TMG) was developed by Deser, Jackiw and Templeton in
1982 [11]. The theory is described by the following action
STMG =
1
16piG
∫
d3x
√−g
[
σ(R− 2Λ) + 1
2µ
ηλµν
(
Γρλσ∂µΓ
σ
νρ +
2
3
ΓρλσΓ
σ
µτΓ
τ
νρ
)]
, (1.11)
where G is the usual 2+1-dimensional Newton’s constant, σ is a ±1 and µ is the topological
mass parameter. Here, ηµνα is a rank-3 tensor described in terms of the Levi-Civita symbol
as µνα/
√−g. We will work with the mostly plus signature. TMG is a parity non-invariant
theory due to Chern-Simons term and it possesses more DOF than 3D Einstein’s gravity
since Chern-Simons term contains three derivatives of the metric and hence it propagates a
10
massive spin-2. To see this, let us notice that the source-free field equations of TMG 7 are
σ(Rµν − 1
2
gµνR + Λgµν) +
1
µ
Cµν = 0, (1.12)
where Cµν is the Cotton tensor that can be defined as
Cµν = ηµαβ∇α
(
Rνβ − 1
4
δνβR
)
. (1.13)
It can be shown to have the following properties (divergence-free and traceless)
∇µCµν = 0, Cµµ = 0. (1.14)
In three dimensions, it takes the role of the Weyl tensor which vanishes identically. If for
a metric gµν , C
µ
ν = 0, then the metric is conformally flat. With this property of Cµν , all
solutions of Einstein’s theory in 3D also solve TMG. In particular AdS is a solution to TMG.
The linearization of Eq.(1.12) about its AdS background gµν = g¯µν + hµν reads
1
κ
GLµν +
1
µ
CLµν = 0, (1.15)
where the related linearized tensors are given in Eq.(1.3). The trace of Eq.(1.15) gives
gµνGLµν = −12RL and this result requires RL to be zero. This allows one to choose the
following transverse-traceless gauge
∇¯µhµν = 0, h = 0. (1.16)
Under this gauge fixing, the linearized field equations in Eq.(1.15) take the form(
σδβµ +
1
µ
ηµ
αβ∇¯α
)(
¯− 2Λ
)
hTTνβ = 0. (1.17)
Acting on the left with the operator σδβµ − 1µηµ αβ∇¯α to Eq.(1.17), one obtains(
¯− 2Λ− (µ2σ2 + Λ)
)
GLµν = 0. (1.18)
Thus, by bearing in mind that the null-cone propagation for a massless spin-2 field in (A)dS
space is defined as (¯ − 2Λ)hµν = 0, then one finds at that the theory actually describes a
massive spin-2 graviton with a mass
m2g = µ
2σ2 + Λ. (1.19)
7See for details to Appendix A.
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Observe that in the flat space limit (Λ→ 0), TMG still describes a single massive excitation
with mass mg = |µσ| and σ must be chosen to be negative for ghost freedom as opposed to
bare GR. Note also that in the σ → 0 limit, the theory reduces to the pure Chern-Simons
theory which does not have any propagating DOF and cannot be deformed by a cosmological
constant.
As is well-known, gauge/gravity duality (or more specifically AdS/CFT ) is one of the
promising approaches in constructing quantum gravity models. AdS/CFT states that each
d dimensional bulk AdS gravity theory is holographically dual to the corresponding d − 1
dimensional CFT on the boundary [25]. In fact, such a duality was first introduced by Brown
and Henneaux in 1986. Here, they have shown that three dimensional bulk AdS gravity
theory with asymptotically AdS3 boundary conditions is equivalent to two dimensional CFT
on the boundary [10]. Since TMG has asymptotical AdS3 solutions, many studies have been
devoted to apply AdS/CFT correspondence to TMG. The left and right central charges in
TMG are found to be
cL,R =
3`
2G
(σ ∓ 1
µ`
), (1.20)
where the AdS3 radius is defined as Λ = − 1`2 . Although TMG seems to be an interesting
candidate for a 2 + 1-dimensional quantum gravity, it has been shown that the theory has
an unstable mode causing negative energy in AdS/CFT context. More precisely, it has
been demonstrated that the positivity of bulk excitations in TMG contradicts with the
corresponding gravitational central charges for generic parameter µ. Later, it has been shown
that with the particular setting of parameters as σµ` = 1, this trouble is being resolved and
thus TMG then turns out to be stable at this chiral limit [13]. TMG at this critical point
(i.e., Chiral gravity) has only the right moving mode with cR =
3`
2G
for σ = 1.
1.2.1 Chiral Gravity
Since it is an important candidate that has the potential to provide a complete quantum
gravity toy model in AdS/CFT framework, let us now dwell on some fundamentals of the
Chiral gravity by following [13]. To this end, let us note that Eq.(1.17) can be rewritten as
follows [13] (
DLDRDmgh
)
µν
= 0, (1.21)
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where the three mutually commuting first order operators are
(DL/R)µ ν ≡ δνµ ± ` ηµ αν∇¯α, (Dmg)µ ν ≡ δνµ +
1
µσ
ηµ
αν∇¯α.
Hence, one can split the third-order field equations in Eq.(1.21) into three isolated first
derivative equations as follows
(DLhL)µν = 0, (DRhR)µν = 0, (Dmghmg)µν = 0. (1.22)
Notice that the most general solution of Eq.(1.17) can be given as decomposing the fluctua-
tion into left, right and massive moving modes
hµν = h
L
µν + h
R
µν + h
mg
µν . (1.23)
Observe that the left and right modes are also solution of linearized Einstein’s gravity and
massive mode is a solution of TMG. These solutions can indeed be found from the represen-
tations of the AdS3 symmetries which is SL(2, R)L × SL(2, R)R. For this purpose, one can
choose the following AdS3 metric which is a solution of TMG
ds2 = `2(− cosh2 ρdt2 + sinh2 ρdφ2 + dρ2). (1.24)
The most general solutions can be defined as follows
hµν = e
−it(h+h¯)e−iφ(h−h¯)Fµν(ρ), (1.25)
where
Fµν(ρ) = f(ρ)

1 h−h¯
2
2i
sinh(2ρ)
h−h¯
2
1 i(h−h¯)
sinh(2ρ)
2i
sinh(2ρ)
i(h−h¯)
sinh(2ρ)
− 4
sinh2(2ρ)
 , (1.26)
and
f(ρ) = (cosh ρ)−(h+h¯) sinh2 ρ. (1.27)
Here, (h, h¯) are the primary weights that can be found via the algebra. Without going into
details, let us note that the primary weights for the left and the right modes which are the
Einstein’s gravity modes are (2, 0) and (0, 2), respectively. On the other side, the primary
weights for the massive modes are
(h, h¯) =
(3 + µ`σ
2
,
−1 + µ`σ
2
)
. (1.28)
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Note that at the chiral point, the massive mode operator (Dmg) is equal to the one of the
left mode (DL) that leads to a degeneration at which the massive mode weights Eq.(1.28)
reduce to (h, h¯) = (2, 0).
We are now ready to find the energies of excitations by constructing the Ostragradsky
Hamiltonian. For this purpose, one needs to find the O(h2) action yielding Eq.(1.15):
S =
σ
64piGΛ
∫
d3x
√−g¯hµν
(
DLDRDmgh
)
µν
,
= − 1
32piG
∫
d3x
√−g¯hµν(σGLµν +
1
µ
CLµν),
=
1
64piG
∫
d3x
√−g¯{−σ∇¯λhµν∇¯λhµν + 2σ
`2
hµνhµν
− 1
µ
∇¯αhµνηµ αβ(∇¯2 + 2
`2
)hβν}.
(1.29)
The conjugate momentum is
Π(1)µν = −
√−g¯
64piG
(
∇¯0(2σhµν + 1
µ
ηµα β∇¯αhβν)− 1
µ
ηβ
0µ(∇¯2 + 2
`2
)hβν
)
. (1.30)
With the help of the equations of motion, one obtains
Π
(1)µν
M =
√−g¯
64piG
(−σ∇¯0hµν + 1
µ
(µ2 − 1
`2
)ηβ
0µhβνM ),
Π
(1)µν
L = −
√−g¯
64piG
(2σ − 1
µ`
)∇¯0hµνL ,
Π
(1)µν
R = −
√−g¯
64piG
(2σ +
1
µ`
)∇¯0hµνR .
(1.31)
For the Ostrogradsky method, one needs to introduce another dynamical variable Kµν ≡
∇¯0hµν whose conjugate momentum reads
Π(2)µν =
−√−g¯g00
64piGµ
ηβ
λµ∇¯λhβν . (1.32)
Then, one gets
Π
(2)µν
M =
−√−g¯g00
64piG
σhµνM ,
Π
(2)µν
R =
√−g¯g00
64piGµ`
hµνL ,
Π
(2)µν
L , =
−√−g¯g00
64piGµ`
hµνR ,
(1.33)
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with which the Hamiltonian turns into
H =
∫
d2x
(
h˙µνΠ
(1)µν + K˙iµΠ
(2)iµ − S). (1.34)
Finally, the energies for the left and right excitations will become
EL/R = −
cL/R
48pi`
∫
d2x
√−g¯ ∇¯0hµνL/R ∂thL/Rµν , (1.35)
while the energy for the massive mode is
Em2g =
m2g
64piµG
∫
d2x
√−g¯ ηα 0µhανmg ∂thmgµν . (1.36)
By using the solutions, one can easily show that all the energy integrals in Eq.(1.35)-Eq.(1.36)
above are actually negative. Let us now calculate the results of the integrals for the primary
states. First of all, the energies for the left and right modes can be found as
EL/R =
cL/R
36`
. (1.37)
Also, the energy for the massive mode will read
Em2g =
m2g`
64µG
f(x). (1.38)
Here, the dimensionless parameter x is defined as
x ≡ σµ`
2
, (1.39)
and the function f(x) reads
f(x) = −2
4x+5(2x+ 1)
3 + 2x
(
(3 + 2x)
2(x+ 1)
2F1[2(x+ 1), 4x+ 5; 2x+ 3;−1] (1.40)
− 2F1[2x+ 3, 4x+ 5; 2(x+ 2);−1]
)
,
where the 2F1 is the hypergeometric function [26]. The important point here is that for
the physical regions x ∈ [0,∞), the function f(x) decreases and thus yields the values as
f(x) ∈ [−1,−2) which gives a negative energy for the massive mode. Therefore, to have
positive energies for bulk excitations and positive or vanishing central charges, one must go
to the chiral limit where the graviton mass (mg) and left central charge (cL) vanish. It is
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important to note that σ must be chosen positive to have positive energy for BTZ black
holes such that their energies are given as EBTZ ∼ Mσ. Notice that this tells us that the
bulk and boundary unitarity clash is recovered only in chiral limit with the choice of positive
σ.
On the other hand chiral gravity has problematic log mode solutions [14] that are non-
unitary modes. These modes do not satisfy the Brown-Henneaux (BH) boundary conditions
[10] and they have linearly-growing time profile. It was also discussed in [17] that there is
a linearization instability, namely; these problematic modes are an artifact of perturbation
theory and so they are not integrable to full solution. To say it in another way, there is
no exact solution to chiral TMG, whose linearization about AdS3 yields the problematic log
mode.
1.3 Weyl Invariance
Gauge theory is one of the most amazing developments in physics to describe the fundamental
interactions in Nature. The concept of gauge theory goes back to Hermann Weyl’s work in
19188. In his work, Weyl tried to unify gravity with electromagnetism in a geometrical
framework by starting with a quadratic curvature action 9. Weyl’s idea is based on the
rescaling of the metric:10
gµν → g
′
µν = e
λ
∫ Wαdxαgµν , (1.41)
where λ is a real constant and Wα is the vector field. Upon this idea, Einstein showed
that there was a discrepancy between Weyl’s idea and experimental evidence such that
the spectral lines of atomic clocks would then depend on the causal history of the atoms.
Thus, if one assumes that two hydrogen atoms have different location, then they could
have different masses and frequencies. Therefore, Weyl’s approach would ostensibly conflict
with the physical principles. However, with the developing of wave mechanics by Erwin
Schro¨dinger and Paul Dirac, London [28] proposed that the Weyl’s non-integrable scale factor
should be replaced with a purely imaginary one in the case of coupling electromagnetism
to charged fields with which it would correspond to the phase factor associated with the
8In fact, the word gauge (Eich) was first used by him
9He started with a quadratic curvature action which is Weyl gauge invariant since Einstein theory is not
gauge invariant.
10See [27] for details.
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Schro¨dinger wave function. In the presence of the electromagnetic field, London elaborated
Weyl’s proposal to wave mechanics as follows
Ψ(x)→ Ψ′(x) = e i~
∫
AαdxαΨ(x). (1.42)
Note that in the absence of the electromagnetic field, the scale factor will be integrable and
Aµ can be fixed by gauge choosing. Following London’s work, Weyl proposed that gauge
invariance incorporates matter into electromagnetism rather than gravity. Years later, Weyl’s
idea played the fundamental role in describing the microscopic interactions such as weak and
strong interactions based on Yang-Mills gauge fields, a generalization of Weyl’s ideas.
After giving a historical development of Weyl’s method, let us give some basics of the
Weyl transformations:
1.3.1 Weyl Transformation
To construct a Weyl invariant theory, let us consider the free scalar field action
SΦ = −1
2
∫
dnx
√−g ∂µΦ∂νΦgµν , (1.43)
which is explicitly invariant under rigid Weyl transformations
gµν → g
′
µν = e
2λgµν , Φ→ Φ
′
= e−
(n−2)
2
λΦ, (1.44)
where λ is a constant. If one applies rigid Weyl invariance to a generic curved backgrounds,
it could become unfruitful except conformally flat curved backgrounds. At this stage, one
needs to replace rigid Weyl invariance by a local one. For this purpose, let us consider the
local Weyl transformations with the following transformations of the metric and scalar field
in n dimensions
gµν → g
′
µν = e
2λ(x)gµν , Φ→ Φ
′
= e−
(n−2)
2
λ(x)Φ, (1.45)
where λ(x) is an arbitrary function of coordinates. Obviously, free scalar field action
Eq.(1.43) is not invariant under local Weyl transformations because ∂µΦ transforms as
∂µΦ→ (∂µΦ)′ = e−
(n−2)
2
λ(x)∂µΦ− (n− 2)
2
e−
(n−2)
2
λ(x)Φ∂µλ(x). (1.46)
To make the action Weyl-invariant, one needs to eliminate the extra terms induced by the
transformations due to the partial derivatives. This can be achieved by replacing the ordinary
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partial derivatives ∂µ in Eq.(1.43) with the so-called gauge covariant derivative Dµ which
transforms according to
DµΦ→ (DµΦ)′ = eqλ(x)DµΦ, (1.47)
where q is the weight of the transformation. To ultimately reach a Weyl-invariant action,
one needs to define Dµ in such a way that its transformation cancels out the undesired extra
term in Eq.(1.46). To this end, let us consider the following gauge covariant derivative of
the scalar field
DµΦ = (∂µ − qAµ)Φ, (1.48)
which transforms under the scale transformations Eq.(1.45)
DµΦ→ (DµΦ)′ = e−
(n−2)
2
λ(x)
(
∂µΦ− (n− 2)
2
Φ∂µλ(x)− qA′µφ
)
. (1.49)
If we compare this with Eq.(1.46) and Eq.(1.47), q must be chosen as q = − (n−2)
2
and the
new gauge field, the so called Weyl’s gauge field Aµ must transform as
Aµ → A′µ = Aµ − ∂µλ(x). (1.50)
The local Weyl invariance requires introducing the Weyl’s gauge field. Note also that Weyl’s
gauge field does not transform in the same way as the scalar field. Finally, transformed form
of the gauge-covariant derivative of the scalar field will read
(DµΦ)′ = e−
(n−2)
2
λ(x)DµΦ. (1.51)
Consequently, Weyl invariant form of the free scalar field action is obtained by replacing
partial derivatives with gauge covariant derivative and introducing Weyl’s gauge field. It
follows from this that Eq.(1.43) is invariant under local Weyl invariance. Moreover, one can
add a Weyl invariant potential to the scalar field action as
SΦ = −1
2
∫
dnx
√−g
(
DµΦDµΦ + ν Φ 2nn−2
)
, (1.52)
where ν is a dimensionless positive coupling constant which provides a renormalizable theory
in n = 3 and n = 4 dimensional flat backgrounds.
In the light of the above derivations, let us consider the free electromagnetic field action
in an n−dimensional curved background. One can easily verify that field strength tensor
associated with the gauge field Fµν = ∂µAν − ∂νAµ is invariant under local Weyl symmetry.
18
Although the field strength tensor Fµν is gauge invariant,
√−gFµνF µν term in the action
is not invariant under Weyl transformations Eq.(1.45). In order to have a Weyl-invariant
Maxwell-type action, one needs a compensating scalar field with appropriate weight. In fact,
it is straight forward to show that Weyl-gauged version of Maxwell-type action reads
SAµ = −1
2
∫
dnx
√−g Φ 2(n−4)n−2 FµνF µν . (1.53)
Note that the action does not require a compensating scalar field in four dimensions, as
expected since in four dimensions, the Maxwell theory is already Weyl invariant.
In the above discussions, we gave a general view to construct Weyl invariant actions
such as a scalar field and electromagnetic field. Now, we want to apply the same framework
to Einstein’s gravity. To do so, one needs to introduce a Weyl invariant connection by
using the Christoffel connection and then find the Weyl invariant form of Riemann and Ricci
tensors and the curvature scalar. Before elaborating this, let us take a look at how gauge
covariant derivative acts on the metric. It is simply given by
Dµgαβ = ∂µgαβ + 2Aµgαβ, (1.54)
which transforms according to
(Dµgαβ)
′
= e2λ(x)Dµgαβ. (1.55)
To insert Weyl-invariance into gravity, one needs to find the Weyl invariant version of
Christoffel symbol in such a way that it remains invariant under local Weyl transforma-
tions and contains gauge covariant derivatives. Referring to [29] for details, let us notice
that the following connection will fulfil the job
Γ˜λµν =
1
2
gλσ
(
Dµgσν +Dνgµσ −Dσgµν
)
. (1.56)
Then, the Weyl-invariant version of Riemann tensor can be obtained as
R˜µνρσ[g, A] = ∂ρΓ˜
µ
νσ − ∂σΓ˜µνρ + Γ˜µλρΓ˜λνσ − Γ˜µλσΓ˜λνρ
= Rµνρσ + δ
µ
νFρσ + 2δ
µ
[σ∇ρ]Aν + 2gν[ρ∇σ]Aµ
+ 2A[σδρ]
µAν + 2gν[σAρ]A
µ + 2gν[ρδσ]
µA2,
(1.57)
where 2A[ρBσ] ≡ AρBσ − AσBρ; ∇µAν = ∂µAν + ΓνµρAρ; A2 = AµAµ. After taking a
contraction of Eq.(1.57), the Weyl-invariant Ricci tensor can be computed as
R˜νσ[g, A] = R˜
µ
νµσ[g, A]
= Rνσ + Fνσ − (n− 2)
[
∇σAν − AνAσ + A2gνσ
]
− gνσ∇ · A,
(1.58)
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where∇·A ≡ ∇µAµ. Finally taking the trace of the Ricci tensor, one gets the Weyl-extended
the curvature scalar as
R˜[g, A] = R− 2(n− 1)∇ · A− (n− 1)(n− 2)A2, (1.59)
which is not invariant under local Weyl transformations, but rather transforms like the
inverse metric:
R˜[g, A]→ (R˜[g′ , A′ ])′ = e−2λ(x)R˜[g, A]. (1.60)
Thus, unlike the Riemann and Ricci tensor, the curvature scalar is not invariant under Weyl
symmetry. To construct the Weyl-invariant version of Einstein’s gravity, one must resolve
this problem by using a compensating scalar field [29]. Finally, the Weyl-gauged version of
Einstein-Hilbert action can be written as
S =
∫
dnx
√−g Φ2R˜[g, A]
=
∫
dnx
√−g Φ2
[
R− 2(n− 1)∇ · A− (n− 1)(n− 2)A2
]
.
(1.61)
Observe that the variation of Eq.(1.61) with respect to Weyl’s gauge field Aµ yields a con-
straint equation
Aµ =
2
n− 2∂µ ln Φ, (1.62)
which requires Weyl’s gauge field Aµ to be pure gauge which is not dynamical. Hence, if
one inserts Eq.(1.62) into Eq.(1.61), one can eliminate the gauge field and then obtains the
”Conformally Coupled Scalar Tensor theory” described by the action
S =
∫
dnx
√−g
(
Φ2R + 4
(n− 1)
n− 2 ∂µΦ∂
µΦ
)
. (1.63)
1.4 Potential Energy From Tree-level Scattering Amplitude in
Generic Gravity Theories
In this part, since we will consider the tree-level scattering amplitude which will provide the
potential energy between two sources via the exchange of one graviton as in the Figure 1,
let us briefly recapitulate some basics of the formulation. For this purpose, we will calculate
the vacuum to vacuum transition amplitude between two covariantly conserved sources by
using the path integral formalism which is defined as
〈0| exp−iHt |0〉 = expiUt = W [T ] =
∫
Dhµν expiS[h,T ], (1.64)
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where t is a large time and S[h, T ] is a linearized action about a generic background (g¯µν).
For a source coupled generic gravity theory, S[h, T ] can be written in the following form in
n dimensions
S[h, T ] = −
∫
dnx
√−g¯ hµν
(
1
κ
Eµν(h)− Tµν
)
, (1.65)
whose linearized field equations are
Eµν(h) =
κ
2
Tµν . (1.66)
Since we consider the covariantly conserved sources (∇¯µTµν = 0), it leads to ∇¯µEµν = 0.
To simplify the path integral further, one can apply the background field technique which is
described by
Figure 1: Tree-level scattering amplitude between two conserved sources via the exchange
of one graviton.
hµν → hµν + h¯µν , (1.67)
where we suppose that h¯µν is a solution of field equations Eq.(1.66). Note that path in-
tegral remains intact with respect to field redefinition Eq.(1.67). It follows from the field
redefinition, linearized action S[h, T ] takes the form
S[h, T ] = −
∫
dnx
√−g¯
(
1
κ
hµνEµν(h)− 1
2
h¯µνTµν
)
. (1.68)
Observe that field redefinition decouples hµν and Tµν . By plugging Eq.(1.68) into Eq.(1.64)
and using the fact that the second term can be taken out of the path integral such that it
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does not have a hµν coupling and the first term leads to a normalization constant, then one
arrives at
W [T ] = W [0] exp
i
2
∫
dnx
√−g¯h¯µνTµν . (1.69)
On the other hand, the solution of h¯µν can be found by Green’s function technique. It is
simply given by
h¯µν =
κ
2
∫
dnx′
√−g¯Gµνρσ(x, x′)T ρσ(x′), (1.70)
where Gµνρσ(x, x
′) stands for the Green’s function which obeys the following relation
OµνρσGρσαβ = 1
2
(g¯µαg¯νβ + g¯µβ g¯να)δ
(n)(x− x′), (1.71)
with which the linearized field equation can be rewritten in the following form
Oµνρσh¯ρσ = κ
2
Tµν . (1.72)
Thereupon, substituting Eq.(1.70) back into the Eq.(1.69), one gets
W [T ] = W [0] exp
iκ
4
∫
dnx dnx′
√
−g¯(x)
√
−g¯′(x′)Tµν(x)Gµνρσ(x,x′)T ρσ(x′) . (1.73)
Thus, one can obtain the potential energy in the following desired form [30]
U = − κ
4t
∫
dnx dnx′
√
−g¯(x)
√
−g¯′(x′)T µν(x)Gµνρσ(x, x′)T ρσ(x′). (1.74)
1.5 Shapiro Time Delay
Shapiro’s time delay is the fourth test of GR, which was proposed as an experiment in 1964
by Irwin I.Shapiro [31], in the solar system. In his paper, he showed that when light rays
pass near a massive object, they take longer time in the round trip due to gravitational
potential of the massive object, compared to the time it takes when the massive object is
absent. Shapiro suggested also an experimental set-up to measure the time delay; a radar
signal is transmitted from the Earth to Venus or Mercury and back, in the presence of Sun.
After a few years, the proposed experiment was carried out by him and observations verified
the GR predictions.
To calculate the time delay, Shapiro used the Schwarzschild geometry to describe grav-
itational field near the Sun. But we shall here give a derivation for the time delay by using
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a shock wave geometry since the shock wave solutions are more appropriate to study on
higher order gravity theories 11. For this purpose, let us consider an n- dimensional shock
wave metric generated by a high-energy massless particle moving in the +x direction with
momentum pµ = |p|(δµ0 + δµx):
ds2 = −dudv +H(u,x)du2 +
n−2∑
i=1
(dyi)2. (1.75)
where u = t−x and v = t+x null coordinates. The corresponding energy momentum tensor
can be given as
Tuu = |p|δ(u)
n−2∏
i=1
δ(yi). (1.76)
For the shock wave ansatz Eq.(1.75), the Einstein’s field equations reduce to
n−2∑
i=1
∂2yiH(u,x) = −16piG|p|δ(u)
n−2∏
i=1
δ(yi) . (1.77)
To solve this equation, assume that the solution is in the form H(u,x) = δ(u)g(x). If one
puts this into Eq.(1.77), one obtains
∇2⊥g(x) = −16G|p|
n−2∏
i=1
δ(yi), (1.78)
where ∇2⊥ =
∑n−2
i=1 ∂
2
yi
. One can also realize that g(r) is a Green’s function of the n − 2
dimensional Laplace operator. The easiest way to solve this equation is by going to spherical
coordinates: ∫
V
∇2⊥g(r)dV = −16piG|p|
∫
V
n−2∏
i=1
δ(yi)dV,
Ωn−2rn−3
dg(r)
dr
= −16piG|p|,
(1.79)
where we have used the Gauss’ theorem and Ωn−2 is the n− 2 dimensional solid angle which
is given as Ωn−2 = 2pi
n−2
2
Γ(n−2
2
)
. Then from the Eq.(1.79), the solution reads
g(r) =
16piG|p|
(n− 4) Ωn−2rn−4 , (1.80)
here we dropped the integral constant to have zero profile function (H(u,x)) in the asymp-
11Shock waves are exact solution of any theory of gravity whose action consist of Riemann tensor and its
contractions [32].
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Figure 2: A shock wave generated by a massless particle at u = 0 (red line). When another
test particle with momentum q (blue line) crosses the shock-wave, there will be a shifting in
the null cone coordinate, ∆v.
totic limit. Finally, the most general solution can be found as
H(u,x) =
4Γ(n−4
2
)
pi
n−4
2
G|p|
rn−4
δ(u). (1.81)
Let us now consider massless test particle with momentum q crossing the shock wave geom-
etry which is generated by another massless particle, with an impact parameter r = b as
shown in the Figure 2. In this case, shock wave metric takes the following form
ds2 = −du
(
dv − 4Γ(
n−4
2
)
pi
n−4
2
G|p|
rn−4
δ(u)du
)
+
n−2∑
i=1
(dyi)2. (1.82)
Observe that there is a discontinuity in the u coordinate and it can be cancelled out at r = b
by re-defining the other null coordinate as
v ≡ vnew +
4Γ(n−4
2
)
pi
n−4
2
G|p|
bn−4
θ(u). (1.83)
This tells us that when a particle crosses the shock wave, it experiences a time delay given
by
∆v =
4Γ(n−4
2
)
pi
n−4
2
G|p|
bn−4
, (1.84)
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which is positive definite as expected. If ∆v is positive, the particle suffers from a time
delay; otherwise, it leads to causality violation. Note that Eq.(1.84) ostensibly diverges in
four dimensions due to gamma function, but one can easily show that g(r) is given in the
logarithmic form like log(r) in four dimensions, which yields
∆v = −8G|p| log(b) + f, (1.85)
where f is regular function which satisfies ∇2⊥f = 0.
2 Weyl gauging of topologically massive gravity12
Pure GR cannot provide viable explanations for some gedanken or real phenomena at both
small (UV) and large (IR) scales. To be more precise, recall that as one approaches GR from
the perturbative quantum field theory context, one sees that due to the existing dimensionful
coupling constant (that is, Newton’s constant with mass dimension −2), the infinities coming
from the self-interaction of gravitons cannot be regulated to a finite value and thus the theory
unavoidably turns out to be a non-renormalizable one. As for the IR regime, it is known
that pure GR breaks down to give explanations to the accelerating expansion of universe
and rotational curves of spiral galaxies. Thus, GR is valid only in a certain energy regime
and thus a viable modification of GR seems to be essential in order to have a full theory.
Particularly in the UV scale, one has to somehow do it for the sake of the long-lived idea
of quantum gravity theory. Even though there are several perturbative or non-perturbative
alternative approaches for a complete GR in the UV scale in the literature, one can in fact
address the higher curvature modifications to heel the undesired propagator structure and
the scattering potentials etc. In this regard, by bearing in mind the superficial degrees of
GR in the perturbative aspect, one can attempt to amend the pure GR by adding scalar
higher order curvature as follows
I =
∫
d4x
√−g(σR + αR2 + βR2µν). (2.1)
However, this comes with an unexpected problem albeit several intriguing remedies, partic-
ularly the renormalization. More precisely, with the above modification, Eq.(2.1) acquires
additional extra DOF of massive spin-2 and also a massless spin-2 excitations in addition
12The results of this chapter are published in [18].
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to the regular massless spin-2 belonging to the pure GR [33]. Unfortunately, although the
above approach remarkably gets over the renormalization obstacle, the unitarity of massive
and massless spin-2 excitations are contradiction and thus the theory unavoidably turns
out be a non-unitary one. As to the large scale modification, as a distinct method to the
common approaches, one may attempt to supply an adequately small amount of mass to
graviton which, with the emerging extra DOF, will apparently be valuable candidates to
dark matter and energy. In this perspective, although there are several alternative propos-
als, the following two models undoubtedly are the only ones which stand out and deserve to
be considered deeply: the first one is the so-called Fierz-Pauli (FP) massive gravity theory
which has been constructed in 1939 [2]. This model recasts the bare GR via an appropriate
mass term in such a way that the graviton gains an acceptable mass at the end. However,
this modification possesses the problems of vDVZ discontinuity [3, 4] at the linearized level
and at the non-linear level the Boulware-Deser ghost mode [6] as well as the breaking of
gauge-invariance. As to the second one and as compared with the other foremost models,
the 2 + 1-dimensional Topologically Massive Gravity (TMG) [11] and its particular limits
seem to be the only viable lower dimensional massive theory that deserves to be elaborated
even if they also contain some unavoidable loop-holes. Needless to say that the priority of
addressing the 2 + 1-dimensions is nothing but merely to get some insights in the idea of
quantum gravity. TMG is a renormalizable [34] and unitary theory and describes a sin-
gle massive spin-2 particle. Particularly, due to having asymptotically AdS3 solutions and
several other forthcoming reasons, the Cosmological TMG has the potential to provide a
well-behaved quantum gravity in AdS/CFT framework [13].
Contemplating on the discussions so far and the promising properties of TMG as well
as the [29, 35, 36, 37] in which it is shown that the corresponding masses of the particles
in the Weyl-invariant New Massive Gravity can be obtained via the breaking of the Weyl’s
symmetry as in the Higgs mechanism, here we would like to answer the question of whether
the mass of spin-2 particle in TMG can also be produced in the same way or not. To do so,
let us now jump to the construction of the Weyl-invariant TMG:
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2.1 Weyl-gauging of TMG
Recall that neither pure GR nor its conformally invariant version (that is, conformally cou-
pled scalar-tensor theory)
S =
∫
d3x
√−g
(
Φ2R + 8∂µΦ∂
µΦ− νΦ
6
2
)
, (2.2)
do not possess any local physical DOF in 2 + 1 dimensions. Notice that this can be seen
either by expanding the action up to second order in fluctuations around its vacuum or by
going to the Einstein frame in which the related DOF will be manifest [35]. On the other
hand, once one augments Einstein’s theory with a gravitational Chern-Simons term one ends
up with the TMG as follows
STMG =
∫
d3x
√−g
[
σmR +
k
2
ηλµν
(
Γρλσ∂µΓ
σ
νρ +
2
3
ΓρλσΓ
σ
µτΓ
τ
νρ
)]
. (2.3)
The theory defines a dynamical parity-violating massive spin-2 graviton with massMgraviton =
|σm
k
| about the flat vacua. Here, σ, k are dimensionless parameters and ηµνα is a rank-3 tensor
described in terms of the Levi-Civita symbol as µνα/
√−g. Notice that, one must pick σ < 0
and m > 0 in order to avoid having a ghost in the theory. Moreover, by adding a cosmolog-
ical constant to TMG, one gets the cosmological TMG with mass as M2graviton =
σ2m2
k2
+ Λ
[38, 39]. Here, if the cosmological constant is particularly set to the following certain value
σ2m2`2
k2
= 1, Λ = − 1
`2
, (2.4)
the theory is then called the chiral limit of TMG (namely, Chiral gravity [13]) which interest-
ingly satisfies the bulk-boundary unitarity conditions to some degree. (See also [40] in which
it is proposed that the flat-space Chiral gravity may provide a holographic correspondence
between an asymptotically flat limit of TMG and a 1 + 1 dimensional CFT.)
The Chern-Simons term is diffeomorphism and conformally invariant up to a boundary
term.13 However, due to Einstein sector, TMG as a whole does not remain intact under con-
formal transformations. Furthermore, by using Eq.(2.2), the conformally invariant version
13If one takes σ = 0 which corresponds to pure gravitational Chern-Simons theory, it was shown that
theory is equivalent to gauge theory [41] or in [42] in the AdS/CFT context.
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of TMG, up to a boundary, will read as follows [43]
SCTMG =
∫
d3x
√−g
[
σΦ2R + 8∂µΦ∂
µΦ− νΦ
6
2
+
k
2
ηλµν
(
Γρλσ∂µΓ
σ
νρ +
2
3
ΓρλσΓ
σ
µτΓ
τ
νρ
)]
.
(2.5)
Observe that as one sets the scalar field to a non-zero vacuum expectation (VEV) value
as 〈Φ〉 = m1/2, Eq.(2.5) reduces to ordinary TMG in Eq.(2.3) with an effective Newton’s
constant generated from the VEV of scalar field. This cursory analysis actually brings up
an interesting point of if this particular limit comes about as the vacuum solution of the
conformal TMG or not. Put it other words, whether the conformal symmetry is broken by
the vacua or not. Indeed, as is shown in [29, 35, 36], the situation is so: firstly, the local
Weyl’s symmetry is radiatively broken at two and one loop-levels in 2+1 and 3+1 dimensions
in flat vacuum in an analogy with the Coleman-Weinberg mechanism [44, 45]. Secondly, the
conformal symmetry is spontaneously broken by the existence of (A)dS vacua as in the
Standard model Higgs mechanism. Thus, the masses of the particles are generated by the
virtue of legitimate symmetry breaking mechanisms. In this section, we will construct the
Weyl-invariant extension of TMG and accordingly show that the similar symmetry-breaking
mechanisms create masses of the particles here. In doing so, we will see that the Weyl-gauged
TMG reconciles regular TMG with the Topologically Massive Electrodynamics (TME) with
a Proca mass term. Recall that TME
STME =
∫
d3x
√−g
[
− 1
4
F 2µν +
µ
4
ηµνλFµνAλ
]
, (2.6)
admits a single spin-1 particle with the mass Mgauge = |µ|, whereas TME plus Proca theory
has two massive spin-1 particles with different masses in flat space. (See below for the
masses of the gauge field in TME-Proca theory in (A)dS backgrounds). As was studied in
[27, 29, 35, 36, 37, 46, 47], the rigid global scale symmetry14 can be promoted to a local Weyl’s
symmetry in order to attain Poincare´ invariant models in arbitrarily curved backgrounds.
This procedure is performed by Weyl-gauging which holds the following relations in 2 + 1
dimensions
gµν → g′µν = e2ζ(x)gµν , Φ→ Φ
′
= e−
ζ(x)
2 Φ,
DµΦ = ∂µΦ− 1
2
AµΦ, Dµgαβ = ∂µgαβ + 2Aµgαβ,
Aµ → A′µ = Aµ − ∂µζ(x),
(2.7)
14Setting xµ → λxµ and Φ→ λdΦ where d is the scaling dimension of the field and λ is a constant.
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where Dµ is gauge covariant derivative. To find the Weyl-invariant version of Eq.(2.3), one
needs to find Weyl-gauged Christoffel connection:
Γ˜λµν =
1
2
gλσ
(
Dµgσν +Dνgµσ −Dσgµν
)
, (2.8)
or equivalently
Γ˜λµν = Γ
λ
µν + δ
λ
νAµ + δ
λ
µAν − gµνAλ. (2.9)
By using of Eq.(2.9), the Weyl-invariant Riemann tensor can be obtained as follows
R˜µνρσ[g, A] =R
µ
νρσ + δ
µ
νFρσ + 2δ
µ
[σ∇ρ]Aν + 2gν[ρ∇σ]Aµ + 2A[σδµρ]Aν
+ 2gν[σAρ]A
µ + 2gν[ρδ
µ
σ]A
2,
(2.10)
and followingly the Weyl-invariant Ricci tensor becomes
R˜νσ[g, A] = R˜
µ
νµσ[g, A]
= Rνσ + Fνσ − (n− 2)
[
∇σAν − AνAσ + A2gνσ
]
− gνσ∇ · A,
(2.11)
here ∇ · A ≡ ∇µAµ. Taking one more contraction from Eq.(2.11), one finally gets Weyl-
extended scalar curvature tensor
R˜[g, A] = R− 2(n− 1)∇ · A− (n− 1)(n− 2)A2, (2.12)
which is not invariant under Weyl transformations but rather transforms according to (R˜[g, A])′ =
e−2ζ(x)R˜[g, A]. To get a Weyl-invariant Einstein theory, one can resolve this obstacle by using
a compensating scalar field.
Consequently, by using all these set-ups and taking care of the contributions coming
from the volume parts, one will finally get the Weyl-invariant extension of TMG as follows
SWTMG =
∫
d3x
√−g σΦ2[R− 4∇.A− 2A2]
+
k
2
∫
d3x
√−g λµν
(
Γ˜ρλσ∂µΓ˜
σ
νρ +
2
3
Γ˜ρλσΓ˜
σ
µτ Γ˜
τ
νρ
)
.
(2.13)
Here, denoting the Weyl-gauged gravitational Chern-Simons term as CS(Γ˜), one can easily
show that
CS(Γ˜) = CS(Γ) +
k
4
λµνAλFµν − ∂µ
[k
2
λµνgασ(∂λgνσ)Aα − k
2
λµνΓρλρAν
]
, (2.14)
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with which the explicit form of the Weyl-invariant version of TMG, up to a boundary term,
will turn into
SWTMG =
∫
d3x
√−g σΦ2[R− 4∇.A− 2A2] + k
4
∫
d3x
√−g ηλµνAλFµν
+
k
2
∫
d3x
√−g ηλµν
(
Γρλσ∂µΓ
σ
νρ +
2
3
ΓρλσΓ
σ
µτΓ
τ
νρ
)
.
(2.15)
Here, it is worth pointing out a generic blunder: that is, the Weyl-invariance and the
conformal-invariance are generally confused to each others in literature even if the con-
formal invariance is a subgroup of Weyl invariance. To see this, let us notice that as the
Weyl gauge is assumed to be a pure-gauge in Eq.(2.15)
Aµ = 2∂µ ln Φ, (2.16)
then, up to the scalar potential, the Weyl-invariant TMG turns out to be the renowned
conformally-invariant TMG in Eq.(2.5). Note also that the Weyl-invariant version of grav-
itational Chern-Simons term incorporates the abelian Chern-Simons term and thus unlike
the conformal invariant TMG, it is only Weyl-gauging method that yields the abelian Chern-
Simons term.
To have a full dynamical theory, one naturally needs to also consider the Weyl-invariant
version of scalar and Maxwell-type theories which respectively are
SΦ = −α
2
∫
d3x
√−g (DµΦDµΦ + νΦ6) , SAµ = −β
4
∫
d3x
√−g Φ−2FµνF µν . (2.17)
where α, ν and β are dimensionless parameters that are necessary in the Weyl invariance.
Observe that the Weyl-invariant scalar potential is also taken into account in order to get
the cosmological TMG in the vacua. Note also that the Maxwell-type action is achieved
to be Weyl-invariant with the help of a specifically tunned compensating Weyl scalar field.
Here, the dimensions of the fundamental fields can be given in terms of mass-dimensions as
follows
[gµν ] = M
0 = 1 ; [Φ] = M1/2 ; [Aµ] = M. (2.18)
Thus, collecting all the stuff, the full Lagrangian density of the Weyl extension of TMG will
read
LWTMG = σΦ2[R− 4∇.A− 2A2] + k
2
λµν
(
Γρλσ∂µΓ
σ
νρ +
2
3
ΓρλσΓ
σ
µτΓ
τ
νρ
)
+
k
4
λµνAλFµν − α
2
(DµΦD
µΦ + νΦ6)− β
4
Φ−2FµνF µν .
(2.19)
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To study the existing symmetry mechanism and other fundamental features of the model, one
naturally needs the arising field equations. Therefore, by skipping the detailed calculations,
let us first notice that the variation of Eq.(2.19) with respect to gµν will become
σΦ2Gµν + (σ − α
8
)gµνΦ2 − (σ − α
4
)∇µ∇νΦ2 − (4σ + α
4
)Φ2∇µAν
+ (2σ +
α
8
)gµνΦ
2∇.A− (2σ + α
8
)Φ2AµAν + (σ +
α
16
)gµνΦ
2A2 +
α
4
gµν(∇αΦ)2
+
αν
4
gµνΦ
6 − α
2
(∇µΦ)(∇νΦ) + β
8
gµνΦ
−2F 2αβ +
β
2
Φ−2FµαFαν + kCµν = 0.
(2.20)
Subsequently, the variation with respect to Aµ will yield
(4σ +
α
4
)∇µΦ2 − (4σ + α
4
)Φ2Aµ +
k
2
ηµ
λν∇λAν − β∇ν(Φ−2Fµν) = 0. (2.21)
Finally, the variation with respect to scalar field Φ will read
2σΦ
[
R− 4∇.A− 2A2
]
+ α
[
Φ− 1
2
Φ∇.A− 1
4
ΦA2 − 3νΦ5
]
+
β
2
Φ−3F 2µν = 0. (2.22)
Let us now consider the symmetric and non-symmetric (broken phase) vacua behaviours
of the theory. First of all, in the symmetric vacuum, 〈Φ〉 = 0, Eq.(2.19) reduces to a pure
gravitational Chern-Simons term without a propagating DOF. The theory is diffeomorphism
and conformally invariant and the Weyl gauge field must be vanish because of the Maxwell
term. As for the the broken phase with 〈Φ〉 = m1/2, Eq.(2.19) boils down to
LWTMG = σmR− αν
2
m3 +
k
2
ηλµν
(
Γρλσ∂µΓ
σ
νρ +
2
3
ΓρλσΓ
σ
µτΓ
τ
νρ
)
− β
4m
FµνF
µν +
k
4
ηλµνAλFµν − m
2
(
4σ +
α
4
)
A2,
(2.23)
which clearly shows that TMG with a cosmological constant is generically coupled to TME-
Proca theory. The theory describes a single massive spin-2 graviton and two massive spin-1
helicity modes around its flat and (A)dS vacua. From the earlier works [38, 39], the mass of
spin-2 excitation in the (A)dS background will be evaluated as follows
M2graviton =
m2σ2
k2
+ Λ where Λ =
ανm2
4σ
. (2.24)
On the other hand, the spin-1 helicity modes propagated in the TME-Proca theory have the
same mass [44, 48]
M±gauge(Λ = 0) =
1
2
{√
k2m2
β2
+
4m
β
(
4σ +
α
4
)
± m|k|
β
}
, (2.25)
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about flat backgrounds. Note that in the case of vanishing of the Proca mass term, (that is,
16σ + α = 0), there is a single massive helicity-1 mode with M±gauge =
m|k|
β
such that one of
the propagating DOF inevitably becomes a pure gauge. As for the (A)dS vacua, since it is a
bit subtle, we will find the particle spectrum of the TME-Proca theory in the next section.
But, for the sake of completeness, here let us just quote result
M2gauge±(Λ 6= 0) =
15Λ
4
+M2gauge±(Λ = 0). (2.26)
Now that we have given the masses, we need to check the physical consistency of the particle
spectrum with the constraints which is coming from tree-level unitarity of the theory that
is absence of tachyons and ghosts around a constant curvature backgrounds. First of all, for
flat spaces (Λ = 0), the theory is unitary as long as
σ < 0, β > 0 and α +
k2m
β
≥ −16σ. (2.27)
On the other side, for AdS spaces (Λ < 0), there are more possibilities. As for spin-2 graviton,
mass square of the particles has to obey Breitenlohner-Freedmann (BF) bound [49, 50],
M2graviton ≥ Λ, which it does in our case. For the gauge field, M2gauge(Λ) ≥ 0 condition must
be satisfied for non-tachyonic excitations, this brings an constraint on cosmological constant
Λ as follows
Λ ≥ − 4
15
M2gauge(Λ = 0). (2.28)
Finally, for dS spaces (Λ > 0), Eq.(2.24) must satisfy Higuchi bound [51] M2graviton ≥ Λ > 0.
However, this condition does not impose any extra constraint except the existence of a dS
vacuum forces to sign of Einstein term to be negative as σ > 0 (assuming α > 0, ν > 0).
2.2 Unitarity of Weyl-invariant Topologically Massive Gravity
In the previous section, we have found the particle spectrum of the Weyl-invariant TMG by
freezing the scalar field to the vacuum value. One could ask that this method may not be
a conclusive way for studying the unitarity and the stability of the theory. To search this
issue at least at tree-level, we will study perturbative unitarity of the model by expanding
the action up to the second order in fluctuations which will ultimately provide the basic
oscillators around the vacua [35, 36, 52]. To do so, let us now assume that the fundamental
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fields fluctuate about their vacuum values as follows
Φ ≡ √m+ τΦL, gµν ≡ g¯µν + τhµν , Aµ ≡ τALµ ,
gµν = g¯µν − τhµν + τ 2hµρhνρ,
√−g = √−g¯ [1 + τ
2
h+
τ 2
8
(h2 − 2h2µν)],
∇µAα = τ∇¯µALα − τ 2(Γγµα)LALγ − τ 2hγβ(Γβµα)LALγ ,
(2.29)
where a small dimensionless parameter τ is introduced to follow the expansion. Using the
specified fluctuations of the field in Eq.(2.29) as well as the vacuum field equation Λ = ανm
2
4σ
,
one will finally get the quadratic order expansion of Weyl-invariant TMG as follows
I
(2)
WTMG =
∫
d3x
√−g¯
{
− α
2
(∂µΦ
L)2 − 6ανm2Φ2L −
√
m
(
8σ +
α
2
)
ΦL∇¯ · AL
− β
4m
(FLµν)
2 +
k
4
ηλµνALλF
L
µν −m
(
2σ +
α
8
)
A2L
− σm
2
hµνGLµν +
k
2
hµνCLµν + 2σ
√
mΦLRL
}
,
(2.30)
where we have discarded the irrelevant boundary terms. Here, the 2+1 dimensional linearized
curvature tensors are [53]
CµνL =
ηµαβ√−g¯ g¯βσ∇α
(
RσνL − 2Λhσν −
1
4
g¯βνRL
)
, GLµν = RLµν −
1
2
g¯µνR
L − 2Λhµν ,
RLνσ =
1
2
(
∇¯µ∇¯σhµν + ∇¯µ∇¯νhµσ − ¯hσν − ∇¯σ∇¯νh
)
, RL = ∇¯µ∇¯νhµν − ¯h− 2Λh.
(2.31)
Note that Eq.(2.30) still involves coupled terms which have to be decoupled from each others
in order to get the particle spectrum. For this purpose, let us first consider the following
redefinition of the fluctuations
hµν ≡ h˜µν − 4√
m
g¯µνΦL and A
L ≡ A˜µ + 2√
m
∂µΦL, (2.32)
and then plug them into Eq.(2.30). In doing so, one will get
I
(2)
WTMG =
∫
d3x
√−g¯
{
− β
4m
(F˜Lµν)
2 +
k
4
ηλµνA˜Lλ F˜
L
µν −m
(
2σ +
α
8
)
A˜2L
− σm
2
h˜µν
[
G˜Lµν − k
σm
C˜Lµν
]}
,
(2.33)
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where the relevant redefined tensors are
(Rµν)L =(R˜µν)L +
2√
m
(∇¯µ∂νΦL + g¯µν¯ΦL), RL = R˜L + 8√
m
(¯ΦL + 3ΛΦL),
GLµν =G˜Lµν +
2√
m
(
∇¯µ∂νΦL − g¯µν¯ΦL − 2Λg¯µνΦL
)
, h˜µνC˜Lµν = h
µνCLµν ,
hµνGLµν =h˜µνG˜Lµν +
4√
m
R˜LΦL +
16
m
ΦL¯ΦL +
48
m
ΛΦ2L.
(2.34)
As it was studied in the previous part, the first line of the Eq.(2.33) is TME-Proca theory
which propagates unitary massive spin-1 DOF with the mass in Eq.(2.26). Notice that the
second line is the action for the parity-noninvariant TMG theory which has single unitary
massive spin-2 graviton with the mass in Eq.(2.24). To read the mass of the spin-1 particle,
one needs a further study. Therefore, let us proceed accordingly.
2.3 Topologically Massive Electrodynamics-Proca theory in (A)dS
This section is devoted to derive the masses of the gauge field given by Eq.(2.26). For
this purpose, let us consider the field equation of the TME with a Proca mass term about
arbitrary background
a∇νF νµ + bηλνµFλν + cAµ = 0, (2.35)
where a, b and c are
a =
β
m
, b =
k
2
, c = −χ = −m(4σ + α/4). (2.36)
To analyze particle spectrum of the theory, one needs to transform Eq.(2.35) into a source-
free wave type equation. For that reason, let us first take the divergence of Eq.(2.35). In
doing so, one will get
c∇µAµ = 0. (2.37)
Thus, for c 6= 0, the Lorenz gauge is dictated by the model and thus one of the DOF drops
out. To go further, let us now define
F˜ µ =
1
2
ηµλνFλν , Bµ = ηµλν∇λF˜ν , (2.38)
with Bµ = ∇αFαµ. Accordingly, exerting the operator ηανµ∇ν to Eq.(2.35) yields
aηανµ∇νBµ + 2bηανµ∇νF˜µ + cηανµ∇νAµ = 0. (2.39)
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By using of
ηανµ∇νBµ = F˜α −RαβF˜ β, (2.40)
one can obtain
Bα = − 1
2b
[
a(F˜α −RαβF˜ β) + cF˜α
]
. (2.41)
Performing the operation ησλα∇λ to Eq.(2.39) as well as using ∇αBα = 0, which follows
from the Bianchi identity, one gets
aBσ − aRσαBα + 2bησλα∇λBα + cBσ = 0. (2.42)
Thus, substituting Eq.(2.41) into Eq.(2.42) ends up with a fourth-order equation for TME-
Proca theory in a arbitrary background[
− a
2
2b
δσβ2 +
(a2
b
Rσβ − ac
b
δσβ + 2bδ
σ
β
)

+
a2
2b
(Rσβ)− a
2
2b
RσαR
α
β +
(ac
b
− 2b
)
Rσβ − c
2
2b
δσβ
]
F˜ β = 0,
(2.43)
which with Rαβ = 2Λδ
α
β, turns out to be[
− a
2
2b
2 +
(2Λa2
b
− ac
b
+ 2b
)
+
(
− 2a
2Λ2
b
+
2acΛ
b
− 4bΛ− c
2
2b
)]
F˜ σ = 0, (2.44)
in (A)dS spacetimes. Thereupon, by fixing Λ = 0, the flat space limit will become[
− a
2
2b
∂4 +
(
2b− ac
b
)
∂2 − c
2
2b
]
F˜ β = 0, (2.45)
whose the masses are
M±gauge(Λ = 0) =
1
2
{√
k2m2
β2
+
4m
β
(
4σ +
α
4
)
± m|k|
β
}
, (2.46)
where we have made use of a = β
m
; b = k
2
; c = −χ = −m(4σ + α/4).
For (A)dS, the Eq.(2.44) can alternatively be recast as follows
β2
m2
(− ξ2+)(− ξ2−)F˜ σ = 0, (2.47)
in which one has
ξ2± ≡ 2Λ +M2gauge±(Λ = 0). (2.48)
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Observe that this parity-non-invariant gauge theory has two propagating DOF with distinct
masses. To find the masses of the fluctuations, one should take care of the tilted null-cone
propagation for massless spin-1 field in 2 + 1-dimensional AdS space [54](
+ 7
4
Λ
)
Aµ = 0, (2.49)
where we have used the Lorenz gauge ∇µAµ = 0. Hence from Eq.(2.47), masses for helicity
±1 components of the gauge field can be easily obtained to be in Eq.(2.26).
3 Scattering in topologically massive gravity, chiral grav-
ity, and the corresponding anyon-anyon potential en-
ergy15
As is well-known, Einstein’s gravity in 2+1 dimensions does not possess only any local degrees
of freedom (DOF) but also any black holes and gravitational waves solution around its flat
backgrounds. As for the (A)dS spaces, the theory however describes black hole solutions [9]
which naturally lead to the additional microscopic DOF leading to the celebrated Bekenstein-
Hawking entropy. Recall that the statistical mechanics roots the macroscopic quantities such
as entropy, temperature etc. to the microscopic states. Therefore, the emergent of these
extra DOF has led experts to contemplate on a well-behaved 2 + 1-dimensional quantum
gravity theory. Here, the main question is that what sort of the modification in the pure
theory will provide such a complete quantum model. In this respect, there is no doubt the
renowned Topologically Massive Gravity (TMG) [11] is the only viable candidate to fulfil this
pivotal job even if there have been proposed many alternative models hitherto. However, it
is known that the model comprises shortcomings in AdS/CFT perspective. That is, it has
the bulk/boundary unitary clash. Fortunately, this controversial issue has been resolved in
the chiral limit of TMG [13]. Thus, due to this fact, Chiral gravity has a notable potential
to supply a complete quantum gravity theory in the AdS/CFT paradigm.
In the light of the above discussion, one can ask the following crucial question: how
can one find the tree level scattering amplitude and the associated Newtonian gravitational
15The results of this chapter are published in [19].
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potential energy between two covariantly conserved sources in cosmological TMG integrated
with a Fierz-Pauli mass term and its chiral limit? Here, it is worth mentioning that the Fierz-
Pauli is assumed in order to obviate the arising the zero-modes during calculation of retarded
Green functions. For this purpose, we will calculate the corresponding scattering amplitude
of the theory. On the other hand, one can realize that, in the existence of Chern-Simons term,
topological mass µ induces an additional spin with κm
µ
, where κ is 3D Newton’s constant and
m is the mass of the particle. Due to gravitational Chern-Simons term, particles behave like
gravitational anyons [55] which are exotic particles with having different statistics. These
gravitational anyons show the same behaviour with their electromagnetic counterpart where
Abelian Chern-Simons term changes the statistics of charged particles and turns them into
an anyon [56]. In this chapter, we will try to extend the gravitational anyons discussion and
construct an analogy between them and their Abelian counterparts.
3.1 Cosmological TMG with a Fierz-Pauli Term in (A)dS Back-
grounds
The action of TMG with a Fierz-Pauli mass term is given by
I =
∫
d3x
√−g
{1
κ
(R− 2Λ)− m
2
4κ
(h2µν − h2)
+
1
2µ
ηµναΓβµσ
(
∂νΓ
σ
αβ +
2
3
ΓσνλΓ
λ
αβ
)
+ Lmatter
}
,
(3.1)
where κ is the usual 3D Newton’s constant and µ is dimensionless coupling constant and the
tensor ηµνα is a rank-3 tensor described in terms of the Levi-Civita symbol as µνα/
√−g.
Generically, theory has three modes about its flat and (A)dS vacua. Observe that when
Fierz-Pauli mass term vanishes, which is the TMG theory, there is a single massive spin-2
graviton and taking the µ → ∞ limit, which yields the Fierz-Pauli massive gravity theory,
there are two massive spin-2 excitations. In the full theory, in flat space, the unitarity
analysis and particle spectrum of the theory were given in [57]. In this part, we extend this
result to the maximally symmetric curved backgrounds.
To be able to obtain the fluctuations propagated around the (A)dS vacua (see for
details Appendix B), let us first recall that the variation of Eq.(3.1) yields the following field
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equation
1
κ
(Rµν − 1
2
gµνR + Λgµν) +
1
µ
Cµν +
m2
2κ
(hµν − gµνh) = τµν . (3.2)
Here, Cµν is the well-known Cotton-York tensor that is described as follows
Cµν = ηµαβ∇α
(
Rνβ − 1
4
δνβR
)
. (3.3)
Remember that the Cotton-York tensor is symmetric, divergence free and traceless and is
also known as the 2 + 1 dimensional cousin of Weyl tensor. For our main aim, let us now
recall that Eq.(3.3) can alternatively be recast in the following explicitly symmetric version
Cµν =
1
2
ηµαβ∇αGνβ + 1
2
ηναβ∇αGµβ, (3.4)
with which the linearization of Eq.(3.2) about a generic background gµν = g¯µν + hµν reads
1
κ
GLµν +
1
2µ
ηµαβ∇¯αGLν β +
1
2µ
ηναβ∇¯αGLµ β +
m2
2κ
(hµν − g¯µνh) = Tµν . (3.5)
Notice that the background covariantly conserved energy momentum tensor Tµν is pertur-
batively defined as Tµν = τµν + Θ(h
2, h3, ...). Moreover, the relevant linearized curvature
tensors are given in Eq.(1.3).
Before going into further details, let us now emphasise an ambiguity associated to the
sign of Einstein term and unitarity: recall that, in the usual TMG, although the theory is
tachyon-free, the ghost-freedom about the flat vacuum requires the sign of Einstein term to
be opposite [11]. However, with Fierz-pauli mass term, the unitarity of theory compels the
sign to be same as the usual one. Otherwise, both of the excitations inevitably turns into
imaginary [21] which is undesired issue.
Subsequently, let us notice that one needs to somehow convert Eq.(3.5) into a Poison-
type wave equation of the form
(¯− 2Λ−m21)(¯− 2Λ−m22)(¯− 2Λ−m23)hµν = T˜µν , (3.6)
in order to find the excitations. Note that as the right hand side of Eq.(3.6) vanishes, the
terms mi become the masses of the particles. To get the accurate masses, one needs to keep
in mind that unlike the flat case (that is, ¯hµν = 0), the null-cone propagation for a massless
spin-2 field in 2 + 1 dimensional (A)dS backgrounds is described by (¯− 2Λ)hµν = 0.
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To rewrite all the curvature tensors in terms of the source terms, one needs to firstly
find the divergence of Eq.(3.5). In doing so, one will get
m2(∇¯µhµν − ∇¯ν)h = 0, (3.7)
that gives RL = −2Λh. Followingly, by using of Eq.(3.7) as well as the trace of Eq.(3.5), one
eventually obtains
h =
κ
Λ−m2T, G
L ≡ g¯µνGLµν =
Λκ
Λ−m2T. (3.8)
Now that we have rewritten the curvature tensors in terms of sources, we can proceed
further in order to convert the genuine equation into the desired form. For this purpose, by
performing the operation ηµσρ∇¯σ to Eq.(3.5), one arrives at
1
κ
ηµσρ∇¯σGLµν−
1
µ
¯GLν ρ +
3Λ
µ
GLν ρ +
m2
2κ
ηµσρ∇¯σ(hµν − g¯µνh)
= ηµσρ∇¯σTµν + Λ
µ
δρνGL + 1
2µ
∇¯ν∇¯ρGL − 1
2µ
δρν¯GL,
(3.9)
which is traceless. Here, the following identity is used
ηµσρηναβ =
[
− δµν
(
δσαδ
ρ
β − δσβδρα
)
+ δµα
(
δσνδ
ρ
β − δσβδρν
)
− δµβ
(
δσνδ
ρ
α − δσαδρν
)]
,
(3.10)
during the derivation of Eq.(3.9). Moreover, with the help of Eq.(3.4) and Eq.(3.2), one can
also recast the first term as follows
ηρσµ∇¯σGLν µ = µTρν − ηρσν∇¯σRL −
µ
κ
GLρν −
µm2
2κ
(hρν − g¯ρνh), (3.11)
with which Eq.(3.9) turns into(
¯− 3Λ− µ
2
κ2
)
GLρν − µ
2m2
2κ2
(hρν − g¯ρνh)− µm
2
2κ
ηµσρ∇¯σ(hµν − g¯µνh)
=
µ
2
ηρ
µσ∇¯µTσν + µ
2
ην
µσ∇¯µTσρ − µ
2
κ
Tρν − Λg¯ρνGL − 1
2
∇¯ν∇¯ρGL + 1
2
g¯ρν¯GL.
(3.12)
Observe that the term ηρσν∇¯σRL drops out due to existing symmetry property. To convert
Eq.(3.12) into a wave-type equation, one needs to also rewrite the Fierz-Pauli term in terms
of GLµν and its contractions. For this purpose, let us define
ηµαβ∇¯αGLν β = Bµν , (3.13)
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which satisfies g¯µνBµν = B = 0 and ∇¯µBµν = 0. Then, by substituting Eq.(3.13) into
Eq.(3.12) and applying ηραβ∇¯α, one ultimately gets
− 1
κ
ηραβ∇¯αBρν + 1
2µ
ηραβη
µσρ∇¯α∇¯σBµν + 1
2µ
ηραβη
µσρ∇¯α∇¯σBνµ
+
m2
2κ
ηραβη
µσρ∇¯α∇¯σ(hµν − g¯µνh) = ηραβηµσρ∇¯α∇¯σTµν .
(3.14)
Accordingly, by using the above-developed tools, one will recast the Fierz-Pauli term as
follows
m2
2κ
(hβν − g¯βνh) = −m
2
κ
(¯− 2Λ)−1GLβν +
Λ
κ
(¯− 2Λ)−1g¯βνGL
− m
2
2κ
(¯− 2Λ)−1
(
g¯βν¯− ∇¯β∇¯ν
)
h− Λ(¯− 2Λ)−1g¯βνT.
(3.15)
Here, the inverse stands for the related Green’s function. Accordingly, plugging Eq.(3.15)
into Eq.(3.12) as well as using Eq.(3.8), one finally arrives at(
(¯− 3Λ− µ
2
κ2
) +
2µ2m2
κ2
(¯− 2Λ)−1 − µ
2m4
κ2
(¯− 2Λ)−2
)
GLρν
=
µ
2
ηρ
µσ∇¯µTσν + µ
2
ην
µσ∇¯µTσρ − µ
2
κ
Tρν +
µ2m2
κ
(¯− 2Λ)−1Tρν
− µ
2m2
2κΛ(1− m2
Λ
)
{
(¯− 2Λ)−1
(
1−m2(¯− 2Λ)−1
)
− κ
2Λ
µ2m2
}
×
(
g¯ρν(¯− 2Λ)− ∇¯ρ∇¯ν
)
T.
(3.16)
Here, one has
GLρν = −
1
2
(¯− 2Λ)hρν + 1
2
∇¯ρ∇¯νh. (3.17)
Note that by exploting h = κ
Λ−m2T , one can rewrite Eq.(3.16) in the following desired form
Ohρν = T˜ρν . (3.18)
Once Eq.(3.18) is obtained, we can now proceed to read the masses of the excitations around
flat and (A)dS backgrounds: observe that the most economical way to count the DOF and
thereby examine the particle spectrum is working in the source-free regions (i.e., Tρν = 0). In
this regard, the linearized Einstein tensor becomes GLρν = −12(¯−2Λ)hρν and the right-hand
side of Eq.(3.16) vanishes in the vacuum and thus one eventually attains[(
¯− 3Λ− µ
2
κ2
)
(¯− 2Λ)2 + 2µ
2m2
κ2
(¯− 2Λ)− µ
2m4
κ2
]
hρν = 0, (3.19)
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which boils down to
(∂2)3 − µ
2
κ2
(∂2)2 +
2µ2m2
κ2
∂2 − µ
2m4
κ2
= 0, (3.20)
in flat background. Observe that it has three massive modes. Furthermore, as m2 = 0,
TMG possesses a single massive spin-2 excitations with Mgraviton = −µ/κ. Thus, to have a
unitarity in flat vacuum, κ must be negative. As to the generic case, the model can admit
imaginary roots of Eq.(3.20) which is a catastrophic possibility. But, as is given in [57], for
the particular choice µ2/m2 ≥ 27/4, all the roots turns into real. Notice that for the lowest
limit µ2/m2 = 27/4, one reads the masses as follows
m21 = m
2
2 = 3m
2, m23 =
3m2
4
, (3.21)
which are actually the same as the ones given in [57].
As for the spectrum about (A)dS spaces, by bearing in mind that the null-cone prop-
agation for spin-2 field satisfies (¯− 2Λ)hµν = 0, hence Eq.(3.19) turns into
(¯− 2Λ−m21)(¯− 2Λ−m22)(¯− 2Λ−m23)hµν = 0, (3.22)
where the relevant roots obey
m21 +m
2
2 +m
2
3 = Λ +
µ2
κ2
,
m21m
2
2m
2
3 =
µ2m4
κ2
,
m21m
2
2 +m
2
1m
2
3 +m
2
2m
2
3 =
2µ2m2
κ2
.
(3.23)
Giving the explicit form of the masses obtained from Eq.(3.23) is rather cumbersome. How-
ever, here, we need to emphasize that it might provide special limits. For example, taking
the µ→∞ limit, which gives the Fierz-Pauli theory with two excitations with mass m. On
the other hand, at the chiral point (µ2/κ2 = −Λ), there occur three roots such that two
of them become tachyon. That is to say, contrary to Einstein gravity, the theory strictly
rejects any Fierz-Pauli mass deformation about its chiral point and so there is no such chiral
gravity extension of Fierz-Pauli theory.
Scattering Amplitudes
Hereafter, we will consider the tree-level scattering amplitude between two locally spinning
conserved point-like sources. To do so, one needs to first single out the non-propagating DOF
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from the model. For this purpose, let us assume the following decomposition of graviton field
hµν ≡ hTTµν + ∇¯(µVν) + ∇¯µ∇¯νφ+ g¯µνψ, (3.24)
where hTTµν is the transverse-traceless, Vµ is the divergence-free vector and φ and ψ are scalar
components of hµν . To get rid of φ and thus rewrite the graviton field in terms of the source
terms, one needs to find the trace of Eq.(3.24) and the divergence of Eq.(3.7). In doing so,
one arrives at
h =
1
Λ
(¯+ 3Λ)ψ. (3.25)
Thereupon, by using Eq.(3.8), one gets
ψ =
κ
1− m2
Λ
(¯+ 3Λ)−1T. (3.26)
On the other side, to link hTTµν to the source, one has to utilize the Lichnerowicz operator
4(2)L that acts on the graviton field according to [24]
4(2)L hµν = −¯hµν − 2R¯µρνσhρσ + 2R¯ρ(µhν)ρ. (3.27)
Here, one has
4(2)L ∇(µVν) = ∇(µ4(1)L Vν), 4(1)L Vµ = (−+ Λ)Vµ,
∇µ4(2)L hµν = 4(1)L ∇µhµν , ∇µ4(1)L Vµ = 4(0)L ∇µVµ
4(2)L gµνφ = gµν4(0)L φ, 4(0)L φ = −φ,
(3.28)
which supplies to recast GTTLρν in terms of Lichnerowicz operator as follows
GTTLρν = 1
2
(
4(2)L − 4Λ
)
hTTρν . (3.29)
Hence, plugging Eq.(3.29) into Eq.(3.16) yields
hTTρν = µO−1(¯− 2Λ)2ηρµσ∇¯µT TTσν + µO−1(¯− 2Λ)2ηνµσ∇¯µT TTσρ
− 2µ
2
κ
O−1(¯− 2Λ)2T TTρν +
2µ2m2
κ
O−1(¯− 2Λ)T TTρν .
(3.30)
Here, the corresponding Green’s function is
O−1 ≡
{[
(¯− 2Λ)2
(
¯− 3Λ− µ
2
κ2
)
+
2µ2m2
κ2
(¯− 2Λ)− µ
2m4
κ2
]
×
(
4(2)L − 4Λ
)}−1
. (3.31)
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Similarly, the decomposition of Tρν will read [58, 59]
T TTρν = Tρν −
1
2
g¯µνT +
1
2
(
∇¯µ∇¯ν + Λg¯µν
)
× (¯+ 3Λ)−1T. (3.32)
Recall that the tree-level scattering amplitude between two localized conserved spinning
point-like sources a la one graviton exchange is described by
A = 1
4
∫
d3x
√−g¯T ′ρν(x)hρν(x)
=
1
4
∫
d3x
√−g¯(T ′ρνhTTρν + T
′
ψ).
(3.33)
Thus, by inserting Eq.(3.26), Eq.(3.29) and Eq.(3.32) into Eq.(3.33), one will finally get the
related scattering amplitude in (A)dS background as follows
4A = 2µT ′ρνO−1(¯− 2Λ)2ηρµσ∇¯µTσν −
2µ2
κ
T
′
ρνO−1(¯− 2Λ)(¯− 2Λ−m2)T ρν
− µ
2
κ
T
′
ρνO−1(¯− 2Λ)(¯− 2Λ−m2)(∇¯ρ∇¯ν + Λg¯ρν)×
(
¯+ 3Λ
)−1
T
+
µ2
κ
T
′O−1(¯− 2Λ)(¯− 2Λ−m2)T + κ
1− m2
Λ
T
′
(¯+ 3Λ)−1T.
(3.34)
Here, the integral signs are suppressed for the sake of simplicity. As is manifest, scattering
amplitude Eq.(3.34) for generic constant curvature spaces intricate. The pole structures of
a theory generally indicates the existence of particles. Thus, here one can do the unitarity
analysis by using the pole structure. In doing so, it is obvious that Eq.(3.34) has four poles.
One of them is ¯1 = −3Λ and the others are nothing but the roots of cubic Eq.(3.23). Here,
determining the physical poles is a bit unwieldy so, for simplicity, let us set Fierz-Pauli term
to zero and examine its chiral limit. Therefore, by setting m2 = 0, h = 0 and µ2/κ2 = −Λ,
one will get the scattering amplitude in the chiral limit
4A = 2√−ΛT ′ρν
{(
¯− 2Λ
)
×
(
4(2)L − 4Λ
)}−1
ηρµσ∇¯µTσν
+ 2κΛT
′
ρν
{(
¯− 2Λ
)
×
(
4(2)L − 4Λ
)}−1
T ρν .
(3.35)
Observe that there are two poles
¯1 = 2Λ, ¯2 = −4Λ. (3.36)
But since the residue of the second pole is zero, it is not a physical pole. Thus, we finally
have one physical poles at ¯1 = 2Λ. Observe that we have massless graviton which satisfy
Breitenlohner-Freedmann bound (M2 ≥ Λ).
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3.2 Flat Space Considerations
In this part, we will calculate the three-level scattering amplitude for various theories in
flat spaces which will provide the desired non-relativistic gravitational potential energies U
between two covariantly point-like spinning sources. To do so, let us consider the following
energy-momentum tensors
T00 = maδ
(2)(x− xa), T i0 = −1/2Jaij∂jδ(2)(x− xa). (3.37)
Here, ma are mass and Ja are the spin of sources where a = 1, 2.
3.2.1 Scattering of anyons in TMG with Fierz-Pauli Term
This part is devoted to the anyon-anyon scattering and also the corresponding Newtonian
potential energies in the TMG augmented by a Fierz-Pauli mass term. Therefore, let us
notice that by applying the flat-space limit (i.e., Λ→ 0) in Eq.(3.34), one gets
4A = −2µT ′ρν
∂2
∂4(∂2 − µ2
κ2
) + 2µ
2m2
κ2
∂2 − µ2m4
κ2
ηρµσ∂µTσ
ν
+
2µ2
κ
T
′
ρν
∂2 −m2
∂4(∂2 − µ2
κ2
) + 2µ
2m2
κ2
∂2 − µ2m4
κ2
T ρν
− µ
2
κ
T
′ ∂2 −m2
∂4(∂2 − µ2
κ2
) + 2µ
2m2
κ2
∂2 − µ2m4
κ2
T.
(3.38)
In general, the explicit form of propagators can be rather cumbersome. In such cases, one
can alternatively decompose them in terms of the known ones. In this respect, one can recast
the relevant main propagator as follows
∂2 −m2
∂4(∂2 − µ2
κ2
) + 2µ
2m2
κ2
∂2 − µ2m4
κ2
≡
3∑
k=1
3∏
r=1
r 6=k
(M2k −m2)
(M2k −M2r )
Gk(x,x
′
, t, t
′
). (3.39)
Here, Gk(x,x
′
, t, t
′
) = (∂2 −M2k )−1 where Mk = Mk(κ2, µ2,m2), k = 1, 2, 3, are the roots of
the cubic equation. Thus, by plugging Eq.(3.39) into Eq.(3.38) and ensuingly evaluating the
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time integrals, one will eventually obtain
4U =
3∑
k=1
3∏
r=1
k 6=r
(M2k −M2r )−1
{
µ2M2k
κ
(κm2
µ
J1 +
κm1
µ
J2 + J1J2(1− m
2
M2k
)
)
×
∫
d2x
∫
d2x
′
δ(2)(x
′ − x2)∂i∂iGˆk(x,x′)δ(2)(x− x1)
+
µ2m1m2
κ
(M2k −m2)
∫
d2x
∫
d2x
′
δ(2)(x
′ − x2)Gˆk(x,x′)δ(2)(x− x1)
}
.
(3.40)
Here, the potential energy is U = A/t [30] and the time-integrated scalar Green’s function
Gk(x,x
′
) is
Gˆk(x,x
′
) =
∫
dt
′
Gk(x,x
′
, t, t
′
) =
1
2pi
K0 (Mkr), (3.41)
where r = |x1−x2| and K0(Mkr) is the modified Bessel function of the second kind. Hence,
by virtue of the identity between the Bessel functions,
~∇2K0(Mkr) = M
2
k
2
(
K0(Mkr) +K2(Mkr)
)
, (3.42)
the Newtonian potential energy will read
U =
3∑
k=1
3∏
r=1
k 6=r
(M2k −M2r )−1
{
µ2M4k
16piκ
(
J tot1 J
tot
2 −
κ2m1m2
µ2
− m
2J1J2
M2k
)
K2(Mkr)
+
µ2M4k
16piκ
[2m1m2
M2k
(1− m
2
M2k
) +
(
J tot1 J
tot
2 −
κ2m1m2
µ2
− m
2J1J2
M2k
)]
×K0 (Mkr)
}
.
(3.43)
Before going further, let us now quote one of the final and very important result: unlike
the ordinary Einstein theory, topological mass µ in TMG induces an additional spins with
J inda = κma/µ ; a = 1, 2 which change the initial spin of the particles and turns them into
an anyon [55] by
J tota = Ja + J
ind
a . (3.44)
Observe that, in addition to total spin-spin and mass-mass interactions (which is consistent
with the result when m2 = 0), there also occurs the Fierz-Pauli mass and initial spin inter-
actions. Notice that as is seen in Eq.(3.43), the Fierz-Pauli mass term couples only to the
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initial spins of particles. Note also that depending on the choice of (Ji,mi,m
2), U can be
either negative or positive.
Let us now turn our attention to the extreme distance limits of potential energy. Firstly,
it is straightforward to show that the potential turns into
U ∼
3∑
k=1
3∏
r=1
k 6=r
(M2k −M2r )−1
{
µ2M2k
8piκ
(
J tot1 J
tot
2 −
κ2m1m2
µ2
− m
2J1J2
M2k
)
× 1
r2
− µ
2M4k
16piκ
[2m1m2
M2k
(1− m
2
M2k
) +
(
J tot1 J
tot
2 −
κ2m1m2
µ2
− m
2J1J2
M2k
)]
×
(
ln(Mkr) + γE
)}
,
(3.45)
at the short range. Here, γE is the Euler-Mascheroni constant. It is necessary to stress that
for the induced angular momenta for the positive κ at the critical value
J1 = − κm1J2
(µJ2 + κm2)− µm2J2M2k
,
m2
M2k
< 0, (3.46)
Eq.(3.45) acts like Newton’s potential energy. As for the large regimes, by keeping in mind
that the modified Bessel functions behave like
Kn(Mkr) ∼
√
pi
2Mkr
e−Mkr, (3.47)
at these scales, one will get the corresponding potential energy as follows
U ∼
3∑
k=1
3∏
r=1
k 6=r
(M2k −M2r )−1
µ2M4k
8piκ
[m1m2
M2k
(1− m
2
M2k
) +
(
J tot1 J
tot
2 −
κ2m1m2
µ2
− m
2J1J2
M2k
)]
×
√
pi
2Mkr
e−Mkr,
(3.48)
which asymptotically approaches zero.
3.2.2 Scattering of anyons in TMG
In this section, we focus on the scattering amplitude of anyons and hence the correspond-
ing non-relativistic gravitational potential energy for the usual TMG (see Appendix C for
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details). Accordingly, applying the m2 → 0 limit in Eq.(3.34) yields
4A = −2µT ′ρν
1
(∂2 − µ2
κ2
)∂2
ηρµσ∂µTσ
ν +
2µ2
κ
T
′
ρν
1
(∂2 − µ2
κ2
)∂2
T ρν
− µ
2
κ
T
′ 1
(∂2 − µ2
κ2
)∂2
T + κT
′ 1
∂2
T.
(3.49)
Note that here one admits a massive and a massless modes. Observe that, in the µ→∞ limit,
Eq.(3.49) reduces to the Einstein’s theory which implies that van Dam-Veltman-Zakharov
(vDVZ) discontinuity disappears [24]. Additionaly, by using Eq.(3.49) and the non-vanishing
components of stress-energy tensor, one will get
U = κm
2
g
16pi
{(
J tot1 J
tot
2 −
m1m2
m2g
)
K2(mgr) +
(
J tot1 J
tot
2 +
m1m2
m2g
)
K0(mgr)
}
, (3.50)
where m2g = µ
2/κ2. Thus, in addition to spin-spin and mass-mass interactions, here there also
occur spin-mass interactions such that topological mass induces extra spins J inda = κma/µ as
in the general case. Observe that depending on the choice of the non-vanishing parameters
(Ja,ma), Eq.(3.50) can be either negative or positive but can not be zero.
Let us now consider its small and large distance behaviours of potential energy: First
of all, in the neighbourhood of the sources, one obtains
U ∼
κ
8pi
(
J tot1 J
tot
2 − m1m2m2g
)
r2
− κm
2
g
16pi
(
J tot1 J
tot
2 +
m1m2
m2g
)(
ln(mgr) + γE
)
. (3.51)
Finally, for large distances, Eq.(3.50) asymptotically behaves
U ∼ κm
2
gJ
tot
1 J
tot
2
8pi
√
pi
2mgr
e−mgr, (3.52)
and it becomes attractive if J tot1 .J
tot
2 < 0.
3.2.3 Flat-Space Chiral Gravity
AdS/CFT correspondence is one of the forthcoming approach to construct well-defined quan-
tum gravity theory: remember that for each d-dimensional bulk AdS gravity, there is a cor-
responding dual d− 1-dimensional CFT on the boundary. Therefore, naturally one can ask
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whether there is such a gauge/gravity duality in flat space or not? Recently, it was proposed
that a pure gravitational Chern-Simons term
S =
k
4pi
∫
d3x
√−g ηµναΓβµσ
(
∂νΓ
σ
αβ +
2
3
ΓσνλΓ
λ
αβ
)
, (3.53)
gives rise to a duality between an asymptotically flat limit of TMG, called flat-space chiral
gravity, and a specific 1+1-dimensional Galilean Conformal field (GCF) theory with a central
charge of 24 [40]. Therefore, it is also very crucial to find the corresponding potential energy
of the bulk flat-space chiral gravity and then analyse whether its short and large distance
behaviours are consistent with the Newton’s theory. For that purpose, we will evaluate
the Newtonian potential energy from one graviton exchange between two locally conserved
spinning sources as we have done so far. To do so, let us observe that by performing the
following limits
κ→∞, µ→ 2pi
k
, (3.54)
in Eq.(3.34), one gets the corresponding scattering amplitude as follows
4A = −4pi
k
T
′
ρν
1
∂4
ηρµσ∂µTσ
ν , (3.55)
where we set T = 0 and m2 = 0. Note that due to Chern-simons term which can only couple
to a covariantly conserved traceless energy momentum tensor, one needs to set a null source.
For this purpose, let us consider flat space in null coordinates
ds2 = −dudv + dz2, (3.56)
where u = t − x and v = t + x. Then, the vector can be written in the form as `µ ≡ ∂µu
with the `µ is a vector field that satisfies
`µ = −δµv `µlµ = 0. (3.57)
In meantime, one can write the corresponding covariantly conserved null source as T µν =
Eδ(u)δ(y)`µ`ν with which Eq.(3.55) gives a trivial amplitude.
4 Causality in 3D massive gravity theories 16
Shapiro’s time-delay [31] is the fourth test of general relativity (GR) in the solar system.
Essentially Shapiro showed that light wave takes longer time in the round trip due to presence
16The results of this chapter are published in [20] .
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of a massive body. Time delay in GR had been shown in many ways [60]. But some modified
gravity theories that have quadratic or cubic curvature terms give a Shapiro time advance
instead of time delay since the adding higher order curvature terms lead to causality violation
[61]. Interestingly, causality violation in these theories can be recovered by adding of an
infinite tower of massive higher-spin particles [61].
Here we consider the causality issue in 2 + 1 dimensional gravity. At this point, one
might think that the Shapiro time-delay does not make any sense in 2 + 1 dimensions such
that it has a locally trivial structure. However, in 2 + 1 dimensions, there are many locally
nontrivial massive gravity theories that have been devoted a lot of work in the literature, and
we want to study on them from the point of causality. Especially, we want to understand
whether the unitarity and causality conditions are compatible or not in these theories. By
unitarity, we mean ghosts and tachyons freedom of the theory, and by causality we mean that
time delay is positive definite —as opposed to a time-advance—, from the point of Shapiro’s
argument.
We will only be interested in the local causality issue and avoid getting involved in the
global cases which are rather complicated. Recall that since the bare Einstein’s gravity does
not admit any DOF in 2+1 dimensions, the local causality turns out to be trivial and thus
one can only deal with the global causality issues [62]. In other words, any vacuum solutions
of Einstein’s gravity in 3 spacetime dimensions are locally equivalent to flat or constant
curvature backgrounds. The Riemann curvature can be written in terms of curvature tensor;
the theory has not any local propagating degrees of freedom, and there is no local causality
issue. Whereas 3-dimensional Einstein’s gravity, there are several dynamical massive gravity
theories that have the local massive propagating degree of freedom. Especially, we will
consider the topologically massive gravity (TMG) [11] and new massive gravity (NMG) [12]
that have taken more attention in the literature. These theories satisfies unitary conditions
with the correct sign choices of Einstein-Hilbert term. Unlike the Einstein-Gauss-Bonnet or
cubic theories in higher dimensions, we will show that causality and unitarity are compatible
in TMG, NMG and their modifications once the sign of Newton’s constant is chosen negative
as opposed the 3 + 1 dimensional case. As compared the 2 + 1-dimensional gravity with the
higher dimensional ones, the main reason of why this is exclusive to lower dimension still
remains unclear.
To study local causality issue in three dimensional gravity theories, we will consider
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spaces that asymptote to Minkowski, de sitter and Anti-de sitter space. First of all, we
consider the issue in asymptotically Minkowski space; this will be the first part of the study.
Secondly, we will consider the asymptotically Anti-de Sitter (AdS) solutions: this will be
done in the second part of the study. Shapiro’s time-delay can be computed at least in two
ways: The most known method is the one that evaluating the time-delay of light moving in
a closed curve around the black hole and later comparing it with the ordinary undisturbed
one. Another possible way is to compute the time-delay of a massless particle that moves in
the shock wave background [63, 64] generated by a ultra-relativistic massless particle. The
second method is well suitable for our purpose since TMG, NMG and other massive gravity
(except purely quadratic gravity theories) theories have not asymptotically flat black hole
solutions. In the second part of study, we will consider the case of negative cosmological
constant. Unlike the flat space analysis, as we will see, AdS3 introduces a new scale, time
delay will depend the two scales effective mass mg and cosmological constant
√|Λ|.
4.1 General Relativity Warm-up in 2+1 Dimensions
It is a well known fact that 2+1 dimensional Einstein’s gravity has a locally trivial structure
that is, it has not any gravitational degree of freedom. Therefore, there is no local causality
issue. Nonetheless, we will study the causality issue in Einstein’s gravity as a warm up
exercise to set structures for massive gravity theories.
Consider a shock wave metric generated by massless particle
ds2 = −dudv +H(u, y)du2 + dy2, (4.1)
where u = t − x and v = t + x null coordinates. We assume that, there is a massless point
particle moving in the +x direction with pµ = |p|(δµ0 + δµx), hence the only non-vanishing
component of the energy-momentum tensor is
Tuu = |p|δ(y)δ(u), (4.2)
here p is the momentum of a particle. For the shock wave ansatz, Einstein’s field equations
reduces to (we set |8piG| = 1)
∂2yH(u, y) = −2σ|p|δ(y)δ(u) , (4.3)
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whose the most general solution is
H(u, y) = −2σ|p|δ(u)θ(y)y + c1(u)y + c2(u) , (4.4)
where c1(u) and c2(u) are functions of u coordinates. These functions can be determined by
coordinate transformations. Observe that when we set c1(u) = 0 and c2(u) = 0 one obtains
a non-vanishing profile for y > 0 but a vanishing one for y < 0. On the other hand if one
sets c1(u) = 2|p|δ(u) and c2(u) = 0 one obtains the following profile
H(u, y) = 2σ|p|δ(u)θ(−y)y , (4.5)
which has a non-trivial profile for y < 0. Notice that, although space is flat outside the
source, metric can not be written in Cartesian coordinates for both sides of profile with a
single chart due to source.
We will calculate Shapiro time delay in three dimensional massive gravity theories
when a particle crossing the shock wave geometry at an impact parameter y = b > 0.
Here, the delay is determined by an asymptotic observer. Namely, one needs to bring the
shock wave metric to the asymptotically flat and Cartesian form with appropriate coordinate
transformations. For that reason, in Einstein’s gravity case Eq.(4.5), we set c1 and c2 in such
a way that spacetime to be asymptotically flat. This implies that the shock wave profile
is trivial for y > 0. Consequently, a massless particle in this geometry does not experience
any time delay. This is expected result in GR since there is not any propagating degree
of freedom. Note that this does not imply that moving particles do not interact with each
other. In fact there is a instantaneous interaction between particles and causality problem
but we will not consider this issue here since this is related to global causality issues.
On the other hand, we can compute time delay with using the Eikonal scattering
amplitudes and compare the results with geodesic analysis as was obtained above [65]. For
this purpose, let us consider the tree-level scattering amplitude between gravitating massless
particles in the deflectionless limit defined as t
s
→ 0. In the Einstein’s gravity case, it is
given by
Atree(s, t) = −σs
2
t
, (4.6)
where s is square of the center-of-mass energy and
√−t is the momentum transfer. Here,
the infrared scattering amplitude is governed by the variables within the impact parameter
in which the eikonal phase shift corresponds to the Shapiro time-delay and is obtained via
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the Fourier transform of the amplitude as follows [66, 67]
δ(b, s) =
1
2s
∫
dq
2pi
eiqbAtree(s,−q2) = σ
4pi
s
∫
dq
eiqb
q2
. (4.7)
Notice that although the time delay is expected to be vanished in Einstein’s gravity, Eq.(4.7)
comes up with an unacceptable physical result. That is, note that Eq.(4.7) diverges as one
goes to the zero momentum limit of the amplitude. This is presumably an artifact effect
emerging during the eikonal approximation in which the zero angular momenta generically
brings up infinities. As in the ordinary perturbative quantum field theory, one needs to
truncate these divergences such that the integral will yield zero in the eikonal limit. We will
also use this procedure for other theories to gauge the shock wave profiles by GR results.
4.2 Causality in TMG
Let us consider the issue of ”causality” in TMG. For this purpose, we need to calculate
shapiro time-delay. The source-coupled field equations of the TMG are given [11]
σGµν +
1
µ
Cµν = Tµν , (4.8)
where σ is dimensionless constant, Tµν is energy momentum tensor and Cµν is Cotton tensor.
This parity non-invariant theory has the single massive spin-2 excitation with a mass
mg = −σ|µ|, (4.9)
hence we set σ < 0 for unitarity. Notice that µ → −µ changes the parity of the spin-2
particle and mass remains intact under the parity change. So we fix it by assuming µ > 0.
For our shock-wave ansatz in three dimensions, the only non-vanishing components of the
Ricci and Cotton tensors can be computed as
Ruu = Guu = −1
2
∂2
∂y2
H(u, y), Cuu =
1
2
∂3
∂y3
H(u, y). (4.10)
Then (4.8) reduces to
−σ
2
∂y
2H(u, y) +
1
2µ
∂y
3H(u, y) = |p|δ(y)δ(u), (4.11)
whose the most general solution can be given as
H(u, y) = − 2|p|
mgσ
δ(u)θ(y)
(
e−mgy +mgy − 1
)
+ c1
e−mgy
m2g
+ c2y + c3, (4.12)
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where c1, c2 and c3 are null coordinate dependent functions. We will choose the constants in
such a way that the space-time is asymptotically flat. On the other hand, one can transform
the metric to Cartesian form in the asymptotic limit with coordinate transformations, but
this is not possible with a single chart. Then assuming µ > 0 and by a gauge fixing, shock
wave of TMG recast as
H(u, y) = − 2σ
mg
|p|δ(u)θ(y)e−mgy + 2σ
mg
|p|δ(u)θ(−y)(mgy − 1) . (4.13)
Consider a massless particle crossing shock wave geometry, with an impact parameter
y = b > 0, the shock wave of TMG reads
H(u, y) = − 2
mgσ
|p|δ(u)θ(y)e−mgy. (4.14)
When Eq.(4.14) is inserted in Eq.(4.1), the discontinuity in the u coordinate can be cancelled
out by re-defining the other null coordinate as
v ≡ vnew − 2
mgσ
|p|θ(u)e−mgb. (4.15)
which gives the time delay
∆v = − 2|p|
mgσ
e−mgb. (4.16)
Since the shifting in the v coordinate is positive for any b, the time delay is positive if σ < 0.
Therefore unitarity and causality are compatible in TMG for these null geodesics.
4.2.1 Eikonal Scattering in TMG
In this part, we will calculate the time delay from the point of view of eikonal approximation.
By using the same assumptions just like in the section 4.1, we compute 2 → 2 tree level
scattering amplitude of two massless gravitating scalar particles in TMG. The scalar field
coupling can be given as
STMG =
∫
d3x
(√−gσR + 1
2µ
λµνΓρλσ(∂µΓ
σ
ρν +
2
3
ΓσµαΓ
α
νρ)−
1
2α
kνkν
+
1
2
gµν∂µφ∂νφ
)
,
(4.17)
where kν = ∂µ(
√−ggµν). Let the incoming momenta for the particles are
p1µ = (pu,
q2
16pu
,
q
2
) , p2µ = (
q2
16pv
, pv,−q
2
) , (4.18)
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or, in terms of Mandelstam variables, s = −2p1 · p2 ' pupv and t ' −q2, t/s  1. If one
use the graviton propagator in the Feynman gauge (α = 1) Eq.(E.7), tree-level amplitude
can be obtained as
Atree = −σs
2
t
1(
1− iσ
µ
√−t
) .
(4.19)
And if one computes the phase-shift with the same procedure as used in section 4.1, one gets
the same time delay to the one obtained by the geodesic analysis.
4.2.2 Scalar Particle in a Shock Wave
The Klein-Gordon equation for massless scalar field is given
φ = 0 . (4.20)
In the shock wave background, Eq.(4.20) takes the form
∂u∂vφ+H(u, y)∂
2
vφ−
1
4
∂2yφ = 0 , (4.21)
which is not solvable exactly but this is not required for our case. If we try to solve this
differential equation near the wave, we can ignore the last term since it is small compared
to the middle term ending up at
∂u∂vφ+H(u, y)∂
2
vφ = 0 . (4.22)
By taking an integration in the v-coordinate and dropping the integral constant to have zero
field in the v → ±∞ limits, then one gets
∂uφ+H(u, y)∂vφ = 0 . (4.23)
We can solve this equation by the separation of variables technique. For this purpose, suppose
that the solution of the differential equation is in the form φ(u, v, y) = U(u)V (v)Y (y). If we
plug this into Eq.(4.23), we obtain
1
H(u, y)
U ′(u)
U(u)
+
V ′(v)
V (v)
= 0 . (4.24)
Let pv = −i∂v be the momentum of a particle in the v direction, so we have
V ′(v)
V (v)
= − 1
H(u, y)
U ′(u)
U(u)
= ipv . (4.25)
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Finally, the solution can be written as
φ(u, v, y) = Y (y)U(u0)V (0)e
ipv
(
v−∫ uH(u′,y)du′) . (4.26)
Here we suppose that momentum of the test particle is known, and when scalar particle
crosses the shock wave with an impact parameter b, it picks up a phase as
φ(0+, v, b) = e−ipv
∫ 0+
0− duH(u,b)φ(0−, v, b) = e−ipv∆vφ(0−, v, b) , (4.27)
here the shift in the v coordinate ∆v is the same obtained in Eq.(4.16). Hence, the scalar
particle when crossing the shock wave picks up a phase-shift analogy with the Aharanov-
Bohm phase. Note that the same result is reproduced as Eq.(4.16) which was obtained by
the geodesic analysis.
4.2.3 Photon in a TMG Shock Wave
Maxwell theory coupled to the shock wave produces the same result as the null-geodesic and
the scalar field case as was discussed above. Let us now consider a 2+1 dimensional Maxwell
theory coupled to gravity, it is called non-minimally coupling, is given by the action
S = −1
4
∫
d3x
√−g
(
FµνF
µν + γRµν ρσFµνF
ρσ
)
, (4.28)
where Fµν is the field-strength tensor and γ is a coupling constant with mass dimension −2.
For the shock wave ansatz Eq.(4.1), the field equations take the form
∇σFρσ − γRρ σµν∇σFµν = 0 , Ruyuy = −1
2
∂2yH(u, y) . (4.29)
Explicitly, one can show that
∂uFvy +
(
H(u, y) + γ∂2yH(u, y)
)
∂vFvy +
1
2
∂yFuv = 0 . (4.30)
Now, assume that y is the linear transverse polarization vector of the wave. The corre-
sponding vector potential can be given as Ay = g(u, v)y and consequently the field-strength
tensor is Fvy = ∂vg(u, v)y. By using of these relations, the Eq.(4.30) reduces the same form
as Eq.(4.22)
∂u∂vg(u, v) +
(
H(u, y) + γ∂2yH(u, y)
)
∂2vg(u, v) = 0 . (4.31)
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Hence, ∆v can be calculated by the same way and then one obtains
∆v = −2σ|p|
mg
(
1 + γm2g
)
e−mgb . (4.32)
The first term in Eq.(4.32) is the same as obtained for the null geodesics and scalar particle,
but we have extra second term. whereas the null geodesic or the scalar particle analysis,
choosing σ is negative, does not guarantee time delay due to γm2g term. With the choice of
γm2g term, theory may become acausal instead of causal. In fact this is an expected result
since we have considered a theory non-minimally coupling of photon to gravity. Furthermore,
It was shown that non-minimal coupling violates the strong equivalence principle and gives
rise to superluminal propagation and causality violations [68, 69]. On the other hand, if
coupling constant γ is positive, theory gives a time-delay and for γ < 0, γm2g > −1 condition
leads to a time-delay.
4.2.4 Graviton in a TMG Shock Wave
In this section, we consider the gravitons in the background of the shock-wave. For this
purpose, we need to linearize the source-free field equations of TMG Eq.(4.8) then one
obtains
σδGµν +
1
µ
δCµν = 0, (4.33)
Consider the linearized field equations of TMG about the shock-wave background in the
axial-like gauge ( which seems to be probably the best choice that we found after some trial
and error) defined as
hvµ = 0. (4.34)
Then, the perturbation metric reads as
hµν(u, v, y) =

g 0 f
0 0 0
f 0 h
 ,
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there are six independent equations and to figure out these equations (see for details to
Appendix D), let us define the following functions
f(u, v, y) ≡ e−mgy
∫ v
dv′
∫ v′
s(u, v′′) dv′′,
h(u, v, y) ≡ e−mgy
∫ v
dv′
∫ v′
r(u, v′′) dv′′,
g(u, v, y) ≡ e−mgy
∫ v
dv′
∫ v′
p(u, v′′) dv′′,
(4.35)
where s(u, v), r(u, v) and p(u, v) are arbitrary functions. By substituting these into TMG
field equations, one gets
s(u, v) = e
ipv
(
v− 3
2
∫ uH(u′,y)du′)
,
r(u, v) = − 1
mg
∂vs(u, v),
p(u, v) = −
(ipvH(u, y)
2mg
− i
pv
mg
)
s(u, v).
(4.36)
Observe that g(u, v, y) and h(u, v, y) can be defined in terms of f(u, v, y). With the help of
these equations, the solution can be written as
f(0+, v, b) = e
−3ipv
2
∫ 0+
0− H(u
′,y)du′f(0−, v, b) = e−ipv∆vf(0−, v, b). (4.37)
Then, time delay reads
∆v = − 3|p|
mgσ
e−mgb, (4.38)
which is positive definite for negative σ. We see that this analysis does not bring any extra
condition.
4.3 Causality in NMG
The action of NMG is [12]
I =
1
κ2
∫
d3x
√−g
(
σR +
1
m2
(R2µν −
3
8
R2)
)
, (4.39)
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whose field equations are
σ(Rµν − 1
2
gµνR) +
1
2m2
(
2Rµν − 1
2
∇µ∇νR− 1
2
gµνR + 4RµρνσRρσ
− gµνRρσRρσ − 3
2
RRµν +
3
8
gµνR
2
)
= 0.
(4.40)
This theory has a massive spin-2 excitation with two degrees of freedom in both flat and
(A)dS backgrounds. For the shock wave metric, Eq.(4.40) transforms into the following form
− σ∂y2H(u, y)− 1
m2
∂y
4H(u, y) = 2|p|δ(y)δ(u). (4.41)
whose the general solution is
H(u, y) = −|p|δ(u)
mσ
(
(e−my +my)θ(y) + (emy −my)θ(−y) + c1y + c2
)
. (4.42)
Observe that both the left and the right parts of the source are curved since NMG is a parity
invariant theory, hence general solution has two step functions unlike the case of TMG. After
gauge-fixing procedure as was conducted in TMG part, time delay can be obtained as
4v = − |p|
mσ
e−mg |b|, (4.43)
which is positive for σ < 0. Hence, causality and unitarity in NMG are not in conflict.
4.3.1 Eikonal Scattering in NMG
We can also calculate the time delay in NMG by using the Eikonal approximation. For this
purpose, let us consider the following action
SNMG =
∫
d3x
(√−gσR + + 1
m2
(R2µν −
3
8
R2)− 1
2α
kνkν +
1
2
gµν∂µφ∂νφ
)
, (4.44)
By using corresponding graviton propagator Eq.(E.9), scattering amplitude can be given as
Atree = −σs
2
t
1(
1− σ q2
m2g
) . (4.45)
This procedure gives the same result obtained by the geodesic analysis.
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4.3.2 Photon in an NMG Shock Wave
Now, let us consider the non-minimally coupled photon, described by the action Eq.(4.28),
coupled to the NMG shock-wave, the same calculations as in the TMG case give a shift ∆v
as
∆v = −σ|p|
mg
(1 + γm2g)e
−mg |b| . (4.46)
which may give time advance instead of time delay. If γm2g > −1 and σ < 0, the theory
gives a time-delay for any b 6= 0 impact parameter.
4.3.3 Graviton in an NMG Shock Wave
For this calculation, we shall to a further simplification within the light-cone gauge and
suppose that the perturbation is also traceless, in other words h = 0, otherwise the linearized
equations are too complicated. Then the perturbation is simply given by
hµν(u, v, y) =

g 0 f
0 0 0
f 0 0
 .
To solve resulting equations depicted in the Appendix D.1, we define
f(u, v, y) ≡ e−my∂vs(v, u),
g(u, v, y) ≡ −me−mys(u, v),
(4.47)
where s(u, v) is the arbitrary function. After plugging these into the NMG field equations,
the solution follows as
s(u, v) = e
ipv
(
v−2 ∫ uH(u′,y)du′)
. (4.48)
We see that g(u, v, y) can be written in terms of f(u, v, y). Then one gets
f(0+, v, b) = e−2ipv
∫ 0+
0− H(u
′,y)du′f(0−, v, b) = e−ipv∆vf(0−, v, b). (4.49)
Then finally, one obtains
∆v = −2|p|
mσ
e−mb, (4.50)
which gives time delay for negative σ. Then causality and unitarity in NMG are not in
conflict.
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4.3.4 Born-Infeld Gravity
The action of Born-Infeld Gravity [70] ( aclled BINMG) that has a massive spin-2 particle is
IBI−NMG = −4m2
∫
d3x
√−gF (R,K, S) + Lmatter, (4.51)
where
F (R,K, S) =
√
1− σ
2m2
(R +
σ
m2
K − 1
12m4
S)− (1− λ
2
),
K = R2αβ −
R2
2
, S = 8RαβRασR
σ
β − 6RR2αβ +R3.
(4.52)
The field equations are long and hence we do not depict them here but note that for the
shock wave metric, curvature scalars are constant :
R2αβ = 0, Rβ
σRβσ = 0, R = 0, (4.53)
reducing the field equations to an easy form of NMG
1
2
Tµν = σRµν +
σ2
m2
Rµν . (4.54)
Therefore, just like in the NMG, if σ < 0, three dimensional Born-Infeld gravity is both
unitary and causal.
4.4 Anti-de Sitter Space
After studying the issue of causality in flat background, in this section, we will study this
issue in AdS space with the similar method as in the case of flat space analysis. For this
purpose, let us consider the AdS3 metric in terms of Poincare´ coordinates
ds2AdS3 =
`2
y2
(−2dudv + dy2), (4.55)
in which y ∈ R≥0, u ∈ R, v ∈ R. To adapt this metric to our case, let us consider the
Kerr-Schild ansatz
ds2 =
`2
y2
(
− 2dudv − F (u, y)du2 + dy2
)
, (4.56)
which describes a massless high energetic particle moving in the +x direction. For this
metric, corresponding energy momentum tensor for a massless particle can be given as
Tuu = |p| `
y0
δ(u)δ(y − y0). (4.57)
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4.5 Topologically Massive Gravity
The source-free field equations of TMG are
−Gµν + 1
`2
gµν +
1
µ
Cµν = 0, (4.58)
where AdS3 radius is defined as ` = 1/
√|Λ| > 0. Notice that we have chosen the sign
of Einstein term to be opposite, that is we take σ = −1. This choice is needed for ghost
freedom about the AdS3 vacuum.
The source-coupled field equations Eq.(4.58), for the ansatz Eq.(4.56), reduce to a
single third order equation
− y∂
3
yF
2`µ
− y
2∂2yF − y∂yF
2y2
= |p| `
y0
δ(u)δ(y − y0). (4.59)
The homogeneous part solution (complementary solution) of this equation can be given as
[71]
Fh(y) = c1
(y
`
)1−`µ
+ c2
(y
`
)2
+ c3, (4.60)
where ci’s are functions of null coordinate u. On the other hand, the c2 and c3 functions
can be eliminated by a coordinate transformation [72]. One can find a viable solution to
Eq.(4.59) as follows: let us first assume that the generic structure of the solution is
Fp(y) = θ(y − y0)g(y), (4.61)
such that g(y) is a solution of Eq.(4.59). Then, with the consistency condition at y0, one
can determine ci. Subsequently, by inserting Fp(y) in Eq.(4.59) and accordingly performing
the integral for the sector y0 − ε and y0 + ε and later dropping the delta function sections
via the limit ε→ 0 as well as using the continuity conditions for F (y) and F ′(y) at y = y0,
one will get
g′′(y0) = −2µ
(
`
y0
)2
δ(u)|p|, (4.62)
where we chose g′(y0) = g(y0) = 0 for ensuring the continuity of F (y) and F ′(y). Conse-
quently, the most general solution F (y) = Fh(y) + Fp(y) can be given as
F (y) = `2µ
δ(u)|p|
1− (`µ)2
[
2
(
y
y0
)1−`µ
− (1− `µ)
(
y
y0
)2
− (1 + `µ)
]
θ(y − y0)
+`2µ
δ(u)|p|
1− (`µ)2
[
2c1
(
y
y0
)1−`µ
+ (1− `µ)c2
(
y
y0
)2
+ (1 + `µ)c3
]
, (4.63)
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where undetermined coefficients ci’s can be fixed by introducing the appropriate boundary
conditions.
4.5.1 The Flat Spacetime Limit
In this section, we will check the consistency of Eq.(4.63). To do so, one needs to take the
flat space limit (Λ → 0) and the result for the shock-wave profile must be the same as in
the case of flat space analysis. The flat space limit will also help us to impose boundary
conditions. Before taking this limit, let us define a new coordinate
y = `ez/`, (4.64)
which reduces the AdS3 metric to
ds2 = −2e−2z/`dudv + dz2, (4.65)
and then ` → ∞ limit can be used to obtain flat space. Furthermore, shock wave profile
function defined in Section (4.2) can be written in terms of the new profile function F (y) as
− `
2
y2
F (y) = H(y). (4.66)
Hence, in the `→∞ limit, shock wave profile can be obtained as
H(z) =
δ(u)|p|
µ
[
2e−µ(z−z0) − 2 + 2µ(z − z0)
]
θ(z − z0) (4.67)
+
δ(u)|p|
µ
[
2c1e
−µ(z−z0) + (c2 + c3)− `µ(c2 − c3)− 2µc2(z − z0)
]
,
which is compatible with the result obtained in the flat space. we can use this result to
set the undetermined coefficients in Eq.(4.63). Therefore, one needs to impose c1 = 0 and
c2 = c3 = 1 to reproduce the same result as obtained in our flat space analysis.
4.5.2 Asymptotically AdS3 Boundary Conditions
In the previous section, we found the integral constants in Eq.(4.63) by imposing flat space
gauge fixing conditions. Let us now do the same analysis for asymptotically AdS3 boundary
62
conditions. For this purpose, one can consider the Brown-Henneaux (BH) boundary condi-
tions [10] which is defined by the following linearized metric perturbations hµν = gµν − gAdSµν
huu ' huv ' hvv ' hyy ' O(1), huy ' hvy ' O(y). (4.68)
Here, O(yn) stands for that any component decays as yn or faster as one goes toward the
y = 0 (that is, the boundary of AdS3). With the help of these boundary conditions, one
needs to impose F (y) ∼ O(y2). If we suppose that µ > 1/`, we need to choose c1 = 0 to
satisfy the BH boundary conditions. On the other side, to have regular AdS3 space, we need
to set c2 = c3 = 1. Notice that, the same values for integral constants are found by imposing
BH boundary conditions. Then, the gauge-fixed solution can be written as
F (y) =`2µ
δ(u)|p|
1− (`µ)2
[
2(
y
y0
)1−`µ
]
θ(y − y0)
+ `2µ
δ(u)|p|
1− (`µ)2
[
(1− `µ)
(
y
y0
)2
+ (1 + `µ)
]
θ(−(y − y0)).
(4.69)
Observe that F (y) has y2 dependence for y < y0 since AdS3 is defined in terms of different
coordinates.
4.5.3 Shapiro Time-delay in AdS
In the light of above computations, we can calculate Shapiro time delay for massless particle
moving in the shock wave geometry. The main idea is to show when particle crosses the
shock wave the shifting in the coordinate ∆v positive or not. If ∆v is positive, the particle
experiences time delay; otherwise, it leads to causality violation. To compute shapiro time
delay, we follow the same procedure as in the case of the geodesic analysis in Section (4.2).
The Klein-Gordon equation for a massless scalar field in the shock-wave background takes
the form
∂u∂vφ+ F (u, y)∂
2
vφ = 0. (4.70)
By using of this equation, the time shift ∆v can be expressed by the following integral
∆v =
∫ 0+
0−
du F (u, y). (4.71)
For a massless particle traversing the shock-wave at z > z0, one gets
∆v =
2µ|p|
m2g
e−mg(z−z0), (4.72)
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where mg is the mass of spin-2 excitation is defined as m
2
g = µ
2 − 1/`2. In fact, shapiro
time delay Eq.(4.72) is dependent on sign of the Einstein-Hilbert term in the action. Here,
the ghost-freedom about AdS vacuum required the sign of Einstein term to be opposite.
Consequently, as we have shown in flat space analysis, ∆v is positive definite and causality
and unitarity are not in conflict. On the other hand, if one takes `→∞ limit, this reproduces
the flat space result Eq.(4.16).
4.5.4 Chiral Gravity
In TMG, there is a conflict between the unitarity of the gravitons and the positive energy
of the black holes. Namely, the positivity of the energy of bulk excitations and Brown-
Henneaux boundary conditions cannot be simultaneously satisfied. A particular way out of
this controversial issue was given in [13] where has shown that TMG is only consistent at the
special limit, so called chiral point µ` = 1 where graviton mass vanishes (mg = 0). At the
chiral gravity limit, theory has only right-moving central charge of the boundary theory. On
the other hand, chiral gravity has potentially problematic log mode solutions which do not
satisfy BH boundary conditions [14, 73]. Namely, in addition to BH boundary conditions,
the theory has also other type of asymptotically AdS3 boundary conditions. Therefore, in
this section, we will impose both of the boundary conditions at the chiral point.
To find the shock wave profile function at the chiral point, firstly we need to take
µ`→ 1 limit of Eq.(4.59). For this purpose, let us consider the natural basis {(y1−`µ−1)/(1−
`µ), y2, 1} for Fh(y). At the chiral limit, the modes of Fh(y) transform as {log(y), y2, 1}. In
this limit, Eq.(4.59) can be recast as
F (y) =
δ(u)|p|
µ
[
log
(
y
y0
)
− 1
2
((
y
y0
)2
− 1
)]
θ(y − y0)
+
δ(u)|p|
µ
[
c1 log
(
y
y0
)
+ c2
(
y
y0
)2
+ c3
]
. (4.73)
As discussed above, at the chiral point, the theory admits two different boundary
conditions. Let us first consider the BH boundary conditions: we can eliminate the ∼ log(y)
modes by imposing the BH boundary conditions, that is c1 = 0. The other coefficients can
be fixed by the choice of coordinates. Let gauge-fix them by removing the quadratic and
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constant terms for y > y0. The gauge-fixed profile of chiral gravity is
F (y) = θ(y − y0)δ(u)|p|
µ
log
(
y
y0
)
+ θ(y0 − y)δ(u)|p|
2µ
[(
y
y0
)2
− 1
]
. (4.74)
Now we impose the other boundary conditions given in [14], which in our coordinates would
permit for F (y) ∼ O(log(y)). If one imposes in Eq.(4.73), one obtains
F (y) =θ(y − y0)δ(u)|p|
µ
log
(
y
y0
)
+
δ(u)|p|
2µ
[
c1 log
(
y
y0
)]
+ θ(y0 − y)δ(u)|p|
2µ
[(
y
y0
)2
− 1
]
,
(4.75)
where c1 could not be gauge-fixed. This phenomenon is the non-linear analog of the loga-
rithmic modes of [14].
4.6 The New Massive Gravity
Now, let us study the causality issue in NMG for asymptotically AdS spaces. Parity even
theory NMG has two massive spin-2 polarizations. The field equations of the NMG Eq.(4.40),
which contains four derivative with respect to metric, are given.
−Gµν + |Λ|gµν + 1
2m2
Kµν = 0, (4.76)
where K-tensor is defined as Kµν = 2Rµν − (1/2)∇µ∇µR − (1/2)gµνR + 4RµανβRαβ −
(3/2)RRµν − gµνK. It is also important to note that, whereas the TMG case, in NMG the
AdS3 radius ` depends not only Λ but also the mass parameter m [12]. For the shock wave
metric Eq.(4.56), the field equations of NMG Eq.(4.76) reduces to[
y4∂4yF + 2y
3∂3yF −
(1 + 2`2m2)
2
(y2∂2yF − y∂yF )
]
1
2`2m2y2
= |p| `
y0
δ(u)δ(y − y0), (4.77)
whose complementary solution is
Fh(y) = c+
(y
`
)1+β
+ c−
(y
`
)1−β
+ c2
(y
`
)2
+ c3, (4.78)
where c± are functions depending the null coordinates u and β is defined as β =
√
1/2 + `2m2.
As was done above, the generic solution can similarly be found as follows: considering the
65
generic structure Fp = θ(y − y0)g(y) with g(y) is a solution of Eq.(4.77) and then following
above-given track, one will arrive at g(y0) = g
′(y0) = g′′(y0) = 0 with which one will finally
obtain
g′′′(y0) = 2m2|p|
(
`
y0
)3
δ(u). (4.79)
The most general solution to Eq.(4.77) reads
F (y) = θ(y − y0)m2|p|δ(u)
(
`3
β2 − 1
)
×
[
1−
(
y
y0
)2
+
1
β
(
y
y0
)1+β
− 1
β
(
y
y0
)1−β]
m2|p|δ(u)
(
`3
β2 − 1
)[
c1 − c2
(
y
y0
)2
+
c3
β
(
y
y0
)1+β
− c4
β
(
y
y0
)1−β]
, (4.80)
where c4 is a constant coefficient. As in the case of TMG, these functions can be fixed
by imposing appropriate boundary conditions. To determine boundary conditions, we can
apply again the flat space limit of shock wave profile. With the help of this, one can obtain
H(z) = θ(z − z0)|p|δ(u)
[
2(z − z0)− 1
m
(
em(z−z0) − e−m(z−z0))]
+|p|δ(u)
[
−`(c1 − c2) + 2c2(z − z0)− 1
m
(
c3e
m(z−z0) − c4e−m(z−z0)
)]
. (4.81)
Now, we can fix undetermined constants by demanding the spacetime to be asymptotically
flat in the limit `→∞. Due to the fact that, one needs to set c3 = −1, c4 = 0, and c1 = c2.
In addition to that, one needs to choose c1 = c2 = −1 to have Cartesian coordinates at
z > z0. Finally, Eq.(4.81) can be recast as
H(z) =
|p|δ(u)
m
e−m|z−z0| − θ(−(z − z0))2|p|δ(u)
m
(z − z0), (4.82)
which is the same as obtained in the flat space analysis. Furthermore, as in the case of
TMG, ci functions can be determined by demanding BH boundary conditions for a finite
` instead of the spacetime to be asymptotically flat in the limit ` → ∞. Now let us show
that both ways give the same fixing conditions for ci functions: For the sake of simplicity,
suppose that m2 > 1/(2`2), leads to β > 1, so we set c4 = 0. On the other hand, we need
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to set c3 = −1 to have regular AdS3 deep into the bulk (i.e. y →∞). Finally, one needs to
set c1 = c2 = −1 to describe AdS3 in the usual coordinates at y →∞. Therefore, the shock
wave profile for finite ` can be written as
F (y) =
(
m2|p|`3
β(1− β2)
)[
θ(y − y0)
(
y
y0
)1−β
+ θ(y0 − y)
((
y
y0
)1+β
+ β
((
y
y0
)2
− 1
))]
.
(4.83)
Shapiro time delay can be calculated with the same procedure follows as before and time
shift when particle crosses the shock wave at z > z0 is
∆v =
(
2m`2
2m2`2 − 1
) |p|√
1 + 1/(2m2`2)
e
(
1/`−m
√
1+1/(2m2`2)
)
(z−z0), (4.84)
which can also be written:
∆v =
(
2m`2
2m2`2 − 1
) |p|√
1 + 1/(2m2`2)
e−mg(z−z0), (4.85)
where the effective mass mg is defined as mg = m
√
1 + 1/(2m2`2)−1/`. Time delay in NMG
is positive, and taking the `→∞ limit which yields the flat space result (where mg = m).
4.6.1 Critical Points of NMG
As was discussed in the TMG, at the special points, that is graviton mass mg vanishes,
we can consider the critical points of NMG. This can be thought as the analogy of chiral
point of TMG. Unlike the TMG case, NMG has two critical points m2`2 = 1/2 (β = 1) and
m2`2 = −1/2 (β = 0). Furthermore, the boundary theory has left and right central charges
at these special points. Let us consider both critical points, respectively.
First of all, for the first critical point (β = 1), the natural basis of Fh(y) can be taken
as {y2 log(y), log(y), y2, 1}. In NMG, in addition, there exist another critical point, which
corresponds to m2`2 = −1/2 (that is, β = 0). Taking the β → 1 limit of Eq.(4.77) yields
F (y) = θ(y − y0)|p|δ(u) `
4
(
log
(
y
y0
)[(
y
y0
)2
+ 1
]
+
[
1−
(
y
y0
)2])
(4.86)
+|p|δ(u) `
4
(
log
(
y
y0
)[
c1
(
y
y0
)2
+ c2
]
+ c3 + c4
(
y
y0
)2)
.
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Just like in TMG, at the critical point, the theory admits many possible boundary conditions
that can be imposed. Imposing the BH boundary conditions yields
F (y) = θ(y − y0)|p|δ(u) `
4
log
(
y
y0
)[(
y
y0
)2
+ 1
]
(4.87)
+|p|δ(u) `
4
(
c1 log
(
y
y0
)(
y
y0
)2)
+ θ(y0 − y)|p|δ(u) `
4
((
y
y0
)2
− 1
)
,
where the function c1 could not be determined by gauge fixing procedure. On the other
hand, if one imposes the weakened boundary conditions which is given by [14], one obtains
F (y) = θ(y − y0)|p|δ(u) `
4
log
(
y
y0
)[(
y
y0
)2
+ 1
]
(4.88)
+|p|δ(u) `
4
log
(
y
y0
)[
c1
(
y
y0
)2
+ c2
]
+ θ(y0 − y)|p|δ(u) `
4
((
y
y0
)2
− 1
)
,
which contains additional logarithmic modes with coefficient c2.
On the other side, for other critical point (β = 0), for the homogeneous solution Fh(y)
one can set the natural basis as {y log(y), y, y2, 1}. Notice that, this critical point forces
the m2 to be negative which corresponds to partially massless point for de Sitter solutions.
Therefore, in the β → 0 limit, Eq.(4.77) reduces to
F (y) = θ(y − y0)|p|δ(u) `
2
(
2
y
y0
log
(
y
y0
)
+
[
1−
(
y
y0
)2])
+|p|δ(u) `
2
(
2c1
(
y
y0
)
log
(
y
y0
)
+ c2
(
y
y0
)
+ c3 + c4
(
y
y0
)2)
, (4.89)
which also contains ∼ y type logarithmic term which is characteristic of conformal gravity
[74].
5 Conclusions
In this thesis, we have firstly constructed Weyl-invariant version of TMG and shown that
weyl invariant version of gravitational Chern-Simons term produces Abelian Chern-Simons
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term. This result, integrated with Weyl-gauged version of Maxwell and Einstein theories,
leads to Weyl-invariant TMG coupled to TME-Proca theory. We have studied the pertur-
bative spectrum of the Weyl-invariant TMG and its particle spectrum in detail. Both spin-2
and spin-1 particles acquire masses via symmetry breaking of the Weyl’s symmetry either
spontaneously in AdS vacua as in the Higgs mechanism or radiatively in flat vacuum in an
analogy with the Coleman-Weinberg mechanism. One can ask that whether chiral gravity
appears in broken phase or not. We have considered this issue and see that chiral gravity
does not appears in AdS backgrounds as a critical point of Weyl-invariant TMG such that
it violates the positivity of the central charges.
Secondly, we have studied cosmological TMG integrated with Fierz-Pauli mass term in
maximally symmetric backgrounds. We have found the particle spectrum of the theory and
shown that there is no unitarily Fierz-Pauli extension of chiral gravity. We also calculated
tree-level scattering amplitude and associated non-relativistic potential energy between two
covariantly conserved point-like spinning sources for various theories in flat spacetimes. We
attained the gravitational anyon behaviours of particles due to presence of gravitational
Chern-Simons term. We also studied the flat space chiral limit of the scattering amplitude,
yields trivial amplitude.
Finally, we have discussed the issue of local causality in 2 + 1 dimensional gravity
theories both in asymptotically Minkowski and asymptotically AdS3 spacetimes. We have
calculated the Shapiro’s time delay for massive gravity theories and unitarity and causality
requirements bring the constraint on Newton’s constant. We have shown that Einstein’s
gravity, topologically massive gravity and the new massive gravity are causal as long as the
sign of the Newton’s constant is negative. We have also studied the same problem in the
Born-infeld gravity, which is extension of NMG, showing that the situation is similar as in
the case of NMG and TMG. It is refreshing to see that causality and unitarity are not in
conflict for the massive gravity theories. This is in sharp contrast to the Einstein-Gauss
Bonnet and cubic theories in higher dimensions (n ≥ 4) where causality and unitarity are in
conflict.
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A Field Equations of Topologically Massive Gravity
The Lagrangian density of Topologically massive gravity is given by
LTMG =
√−g
{
R +
1
2µ
ηµναΓβµσ
(
∂νΓ
σ
αβ +
2
3
ΓσνλΓ
λ
αβ
)}
. (A.1)
In order to obtain the field equations, by varying the Lagrangian density with respect to
metric, one will get
δLTMG = δLEH + δLCS, (A.2)
where
LEH =
√−gR,
LCS = 1
2µ
µναΓβµσ
(
∂νΓ
σ
αβ +
2
3
ΓσνλΓ
λ
αβ
)
.
(A.3)
Let us study these terms separately.
Variation of Einstein Hilbert term:
The variation of the Einstein-Hilbert term with respect to gµν becomes
δLEH = Rδ
√−g +√−g δR
= Rδ
√−g +√−gRµν δgµν +
√−ggµν δRµν .
(A.4)
First of all, the variation of the first part is (δ
√−g) = −1
2
√−g gµνδgµν . On the other side,
the second term on the right hand side is already in the desired form, but the third term is
not. To vary the third term, one needs to use the Palatini identity
δRµν = ∇αδΓαµν −∇µδΓααν , (A.5)
with which the third term can be evaluated as
√−ggµν δRµν = ∂α
(√−ggµνδΓαµν −√−ggµαδΓααν). (A.6)
Here we have used
√−g∇µV µ = ∂µ(√−gV µ) where V µ is a vector. Thus, by using Eq.(A.6),
one can obtain the variation of Einstein-Hilbert term as follows
δLEH =
√−g δgµν
(
Rµν − 1
2
gµνR
)
+ ∂αJ
α
EH , (A.7)
where JαEH =
√−g gµνδΓαµν −
√−g gµαδΓααν is the corresponding boundary term.
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Variation of Chern-Simons term:
The variation of the Chern-Simons term with respect to gµν reads
δLCS =
λµνδΓρλσ
(
∂µΓ
σ
ρν +
2
3
ΓσµβΓ
β
νρ
)
+ λµνΓρλσ
(
∂µδΓ
σ
ρν +
2
3
δΓσµβΓ
β
νρ +
2
3
ΓσµβδΓ
β
νρ
)
.
(A.8)
Here, the multiplicative term 1
2µ
is suppressed. Note that the second and fourth terms in
Eq.(A.8) can respectively be recast as follows
2
3
λµνΓρλσδΓ
σ
µβΓ
β
νρ =
2
3
λµνΓσµβΓ
ρ
λσδΓ
β
νρ,
2
3
λµνδΓρλσΓ
σ
µβΓ
β
νρ =
2
3
λµνΓρλσΓ
σ
µβδΓ
β
νρ,
(A.9)
with which Eq.(A.8) takes the form
δLCS = 
λµν
(
δΓρλσ∂µΓ
σ
ρν + Γ
ρ
λσ∂µδΓ
σ
ρν + 2Γ
ρ
λσΓ
σ
µβδΓ
β
νρ
)
. (A.10)
To simplify further, notice that the second term in Eq.(A.10) can also be written as
λµνΓρλσ∂µδΓ
σ
ρν = ∂µ(
λµνΓρλσδΓ
σ
ρν) + 
λµνδΓρλσ∂µΓ
σ
ρν . (A.11)
Thus, by substituting this back into Eq.(A.10), one gets
δLCS = ∂µ(
λµνΓρλσδΓ
σ
ρν) + 2
λµνδΓρλσ
(
∂µΓ
σ
ρν + Γ
σ
µβΓ
β
νρ
)
. (A.12)
Recall that Riemann tensor is defined as follows
Rρσµν = ∂µΓ
ρ
νσ + Γ
ρ
µλΓ
λ
νσ + µ↔ ν. (A.13)
Thereupon, by virtue of this definition, Eq.(A.12) reduces to
δLCS = ∂µ(
λµνΓρλσδΓ
σ
ρν) + 
λµνδΓρλσR
σ
ρµν . (A.14)
On the other hand, in 2 + 1 dimensions, Riemann tensor can be expressed in terms of Ricci
tensor as
Rσρµν = δ
σ
µR˜ρν + gρνR˜
σ
µ − δσν R˜ρν − gρνR˜σµ, (A.15)
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where R˜µν = Rµν− 14gµνR. With this unique property, the second term in the Eq.(A.14) can
be rewritten as
λµνδΓρλσR
σ
ρµν = 2
λµνR˜σµ∇λδgνσ. (A.16)
Accordingly, with the help of this, Eq.(A.14) reduces to
δLCS = ∂µ(
λµνΓρλσδΓ
σ
ρν) + 2
λµνR˜σµ∇λδgνσ. (A.17)
By using the expansion of ∇λδgνσ and reorganizing the dummy indices, Eq.(A.17) can be
rewritten as
δLCS = ∂µ
(
λµνΓρλσδΓ
σ
ρν − 2λµνR˜σλδgνσ
)
− 2δgνσλµν∇λR˜σµ, (A.18)
By keeping in mind the cotton tensor
Cµν =
λµν√−g∇λR˜
σ
µ,
= ηλµν∇λR˜σµ.
(A.19)
Finally, one will eventually get
δLCS = − 1
µ
√−gδgνσCνσ + ∂µjµCS, (A.20)
where jµCS is a boundary term for Chern-Simons term and given as j
µ
CS =
1
2µ
(λµνΓρλσ δΓ
σ
ρν −
2λµνR˜σλδgνσ). Note that we re-added the term
1
2µ
. Together with the Einstein-Hilbert term,
the variation takes the following form
δLTMG =
√−g δgµν
(
Rµν − 1
2
gµνR +
1
µ
Cµν
)
+ ∂µ
(
jµEH + j
µ
CS
)
. (A.21)
Consequently, up to a boundary term, the vacuum field equations of TMG can be obtained
Rµν − 1
2
gµνR +
1
µ
Cµν = 0. (A.22)
B Topologically Massive Gravity with Fierz-Pauli mass
Term in (A)dS Background
The action of Topologically massive gravity with a Fierz-Pauli mass term is given by
I =
∫
d3x
√−g
{1
κ
(R− 2Λ)− m
2
4κ
(h2µν − h2)
+
1
2µ
ηµναΓβµσ
(
∂νΓ
σ
αβ +
2
3
ΓσνλΓ
λ
αβ
)
+ Lmatter
}
,
(B.1)
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whose field equations read
1
κ
(Rµν − 1
2
gµνR + Λgµν) +
1
µ
Cµν +
m2
2κ
(hµν − gµνh) = τµν . (B.2)
The Cotton tensor Cµν can be rewritten in the following explicitly symmetric version
Cµν =
1
2
ηµαβ∇αGνβ + 1
2
ηναβ∇αGµβ, (B.3)
with which the linearization of the TMG field equation in Eq.(B.1) about a generic back-
ground gµν = g¯µν + hµν reads
1
κ
GLµν +
1
2µ
ηµαβ∇¯αGLν β +
1
2µ
ηναβ∇¯αGLµ β +
m2
2κ
(hµν − g¯µνh) = Tµν . (B.4)
To write all the curvature tensors in terms of the source terms, one needs to take the
divergence of Eq.(B.4) with which one gets
∇¯µhµν − ∇¯νh = 0, (B.5)
that gives RL = −2Λh. With the help of these as well as trace of the linearized field
equations, one can easily obtain
h =
κ
Λ−m2T, G
L =
Λκ
Λ−m2T. (B.6)
Let us now multiply Eq.(B.4) by ηµσρ∇¯σ, gives
1
κ
ηµσρ∇¯σGLµν +
1
2µ
ηµσρηµαβ∇¯σ∇¯αGLν β +
1
2µ
ηµσρηναβ∇¯σ∇¯αGLµ β
+
m2
2κ
ηµσρ∇¯σ(hµν − g¯µνh) = ηµσρ∇¯σTµν .
(B.7)
The second term in Eq.(B.7) can be recast as
ηµσρηµαβ∇¯σ∇¯αGLν β = −¯GLρν + ∇¯σ∇¯ρGLν σ
= −¯GLρν + R¯σρνλGLλ σ + R¯ρλGLν λ.
(B.8)
In the maximally symmetric 2 + 1 dimensional curved backgrounds, Riemann and Ricci
tensors are defined as
R¯µναβ = Λ(g¯µαg¯νβ − g¯µβ g¯να), R¯µν = 2Λg¯µν , (B.9)
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with which Eq.(B.8) turns into
ηµσρηµαβ∇¯σ∇¯αGLν β = −¯GLρν + 3ΛGLν ρ − ΛδρνGL. (B.10)
On the other hand, one can also recast the third term in Eq.(B.7) as follows
ηµσρηναβ∇¯σ∇¯αGLµ β = −¯GLν ρ + ∇¯σ∇¯ρGLν σ − ∇¯ν∇¯ρGL + δρνGL
= −¯GLν ρ + R¯σρνλGLλ σ + R¯ρλGLν λ − ∇¯ν∇¯ρGL + δρν¯GL
= −¯GLν ρ + 3ΛGLν ρ − ΛδρνGL − ∇¯ν∇¯ρGL + δρν¯GL,
(B.11)
where we have availed the identity Eq.(3.10) in the first line and also the covariantly conserved
condition of ∇¯µGLµν = 0. Finally, by substituting Eq.(B.10) and Eq.(B.11) into Eq.(B.7),
one will finally get
1
κ
ηµσρ∇¯σGLµν −
1
µ
¯GLν ρ +
3Λ
µ
GLν ρ −
Λ
µ
δρνGL
− 1
2µ
∇¯ν∇¯ρGL + 1
2µ
δρν¯GL + m
2
2κ
ηµσρ∇¯σ(hµν − g¯µνh) = ηµσρ∇¯σTµν ,
(B.12)
which is manifestly traceless. Now let us try to rewrite the first term in Eq.(B.12) in compact
form. For this purpose, with the help of Eq.(B.3) and Eq.(B.4), one gets
ηρσµ∇¯σGLν µ = µTρν − ηρσν∇¯σRL −
µ
κ
GLρν −
µm2
2κ
(hρν − g¯ρνh). (B.13)
Thus, by plugging this back into the Eq.(B.12), one arrives at(
¯− 3Λ− µ
2
κ2
)
GLρν − µ
2m2
2κ2
(hρν − g¯ρνh)− µm
2
2κ
ηµσρ∇¯σ(hµν − g¯µνh)
=
µ
2
ηρ
µσ∇¯µTσν + µ
2
ην
µσ∇¯µTσρ − µ
2
κ
Tρν − Λg¯ρνGL − 1
2
∇¯ν∇¯ρGL + 1
2
g¯ρν¯GL.
(B.14)
Observe that the symmetry allows us to drop ηρσν∇¯σRL term. To convert this equation
into a wave-type equation, one needs to rewrite the Fierz-Pauli term in terms of GLµν and its
contractions. To do this, let us define
Bµν = ηµαβ∇¯αGLν β, (B.15)
which verifies g¯µνBµν = B = 0 and ∇¯µBµν = 0. Then, Eq.(B.14) boils down to
− 1
κ
Bρν + 1
2µ
ηµσρ∇¯σBµν + 1
2µ
ηµσρ∇¯σBνµ + m
2
2κ
ηµσρ∇¯σ(hµν − g¯µνh) = ηµσρ∇¯σTµν . (B.16)
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Applying ηραβ∇¯α to this equation, one obtains
− 1
κ
ηραβ∇¯αBρν + 1
2µ
ηραβη
µσρ∇¯α∇¯σBµν + 1
2µ
ηραβη
µσρ∇¯α∇¯σBνµ
+
m2
2κ
ηραβη
µσρ∇¯α∇¯σ(hµν − g¯µνh) = ηραβηµσρ∇¯α∇¯σTµν .
(B.17)
Accordingly, by using the above developed tools, Eq.(B.17) can be recast as
− 1
κ
ηραβ∇¯αBρν − 1
2µ
(
R¯µβµ
λBλν + R¯µβνλBµλ − ¯Bβν
)
− 1
2µ
(
R¯µβν
λBλµ
+ R¯µβµ
λBνλ − ¯Bνβ
)
− m
2
2κ
(
R¯µβµ
λhλν + R¯
µ
βν
λhµλ − ¯hβν + g¯νβ¯h
)
= −R¯µβµλTλν − R¯µβνλTµλ + ¯Tβν ,
(B.18)
or equivalently
− 1
κ
ηραβ∇¯αBρν + 1
2µ
(¯− 3Λ)
(
Bβν + Bνβ
)
− m
2
2κ
(
3Λhβν − Λg¯βνh− ¯hβν + g¯βν¯h
)
= −3ΛTβν + Λg¯βνT + ¯Tβν .
(B.19)
On the other hand, the linearized Einstein tensor can be written as GLβν = Λhβν + 12∇¯β∇¯νh−
1
2
¯hβν which yields
− ¯hβν = 2GLβν − 2Λhβν − ∇¯β∇¯νh. (B.20)
With the help of Eq.(B.19) and Eq.(B.20), the Fierz-Pauli term takes the following form
m2
2κ
(
hβν − g¯βνh
)
= − 1
κΛ
ηραβ∇¯αBρν + 1
2µΛ
(¯− 3Λ)
(
Bβν + Bνβ
)
− g¯βνT
− m
2
2κΛ
(
2GLβν − ∇¯β∇¯νh+ g¯βν¯h
)
− 1
Λ
(¯− 3Λ)Tβν .
(B.21)
The first and second term in the right hand side of the Eq.(B.21) can be recast as, respectively
− 1
κΛ
ηραβ∇¯αBρν = 1
κΛ
(¯− 3Λ)GLνβ +
1
κ
g¯βνGL, (B.22)
and
1
2µΛ
(¯− 3Λ)
(
Bβν + Bνβ
)
=
1
Λ
(¯− 3Λ)Tβν − 1
κΛ
(¯− 3Λ)GLβν
− m
2
2κΛ
(¯− 3Λ)(hβν − g¯βνh).
(B.23)
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By using of these equations and after some lengthy computations, the Fierz-Pauli mass term
Eq.(B.21) can be rewritten as
m2
2κ
(hβν − g¯βνh) =− m
2
κ
(¯− 2Λ)−1GLβν +
Λ
κ
(¯− 2Λ)−1g¯βνGL
− m
2
2κ
(¯− 2Λ)−1
(
g¯βν¯− ∇¯β∇¯ν
)
h− Λ(¯− 2Λ)−1g¯βνT. (B.24)
Moreover, we need to write the third term in the Eq.(B.14) in terms of GLµν and its contrac-
tions. For that reason, applying the operator ηβσρ∇¯σ to Eq.(B.24), one ultimately gets
m2
2κ
ηβσρ∇¯σ(hβν − g¯βνh) =− m
2
κ
(¯− 2Λ)−1ηβσρ∇¯σGLβν
− m
2
2κ
(¯− 2Λ)−1ηβσρ∇¯σ
(
g¯βν¯h− ∇¯β∇¯νh
)
+
Λ
κ
(¯− 2Λ)−1ηνσρ∇¯σGL − Λ(¯− 2Λ)−1ηνσρ∇¯σT.
(B.25)
By virtue of Eq.(B.13) and Eq.(B.24), the first term in the right hand side of Eq.(B.25)
reduces to
−m
2
κ
(¯− 2Λ)−1ηβσρ∇¯σGLβν =
µm2
κ
(¯− 2Λ)−1T ρν − m
2
κ
(¯− 2Λ)−1ηρσν∇¯σRL
− µm
2
κ2
(¯− 2Λ)−1GLρν +
µm2Λ
κ
(¯− 2Λ)−2δρνT
+
µm4
κ2
(¯− 2Λ)−2GLρν −
µm2Λ
κ2
(¯− 2Λ)−2δρνGL
+
µm4
2κ2
(¯− 2Λ)−2
(
δρν¯− ∇¯ρ∇¯ν
)
h,
(B.26)
with follows from that, one obtains
m2
2κ
ηβσρ∇¯σ(hβν − g¯βνh) = 1
κ
(¯− 2Λ)−1
(
µm2T ρν −m2ηρσν∇¯σRL − µm
2
κ
GLρν
+ Λην
σρ∇¯σGL − m
2
2
ηβσρ∇¯σ
(
g¯βν¯h− ∇¯β∇¯νh
)
− Λκηνσρ∇¯σT
)
+
µm2
κ
(¯− 2Λ)−2
(
m2
κ
GLρν −
Λ
κ
δρνGL
+
m2
2κ
(
δρν¯− ∇¯ρ∇¯ν
)
h+ ΛδρνT
)
.
(B.27)
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Accordingly, by inserting Eq.(B.24) and Eq.(B.27) into Eq.(B.14), one finally arrives at(
(¯− 3Λ− µ
2
κ2
) +
2µ2m2
κ2
(¯− 2Λ)−1 − µ
2m4
κ2
(¯− 2Λ)−2
)
GLρν
=
µ
2
ηρ
µσ∇¯µTσν + µ
2
ην
µσ∇¯µTσρ − µ
2
κ
Tρν +
µ2m2
κ
(¯− 2Λ)−1Tρν
− µ
2m2
2κΛ(1− m2
Λ
)
{
(¯− 2Λ)−1
(
1−m2(¯− 2Λ)−1
)
− κ
2Λ
µ2m2
}
×
(
g¯ρν(¯− 2Λ)− ∇¯ρ∇¯ν
)
T.
(B.28)
Here, one has
GLρν = −
1
2
(¯− 2Λ)hρν + 1
2
∇¯ρ∇¯νh. (B.29)
C Topologically Massive Gravity: Anyon-Anyon Scat-
tering
In this part, we will work on the scattering amplitude of anyons and associated Newtonian
potential energy for the TMG case in detail. For this purpose, taking the m2 → 0 limit in
Eq.(3.34) as well as flat space limit (Λ→ 0), one gets the scattering amplitude as
4A = −2µT ′ρν
1
(∂2 − µ2
κ2
)∂2
ηρµσ∂µTσ
ν +
2µ2
κ
T
′
ρν
1
(∂2 − µ2
κ2
)∂2
T ρν
− µ
2
κ
T
′ 1
(∂2 − µ2
κ2
)∂2
T + κT
′ 1
∂2
T,
(C.1)
where we have used the fact that 4(2)L reduces to −∂2 in the flat-space limit. After using
the fractional decomposition, Eq.(C.1) boils down to
4A = − 2µ
m2g
T
′
ρν
( 1
∂2 −m2g
− 1
∂2
)
ηρµσ∂µTσ
ν +
2µ2
κm2g
T
′
ρν
( 1
∂2 −m2g
− 1
∂2
)
T ρν
− µ
2
κm2g
T
′
( 1
∂2 −m2g
− 1
∂2
)
T + κT
′ 1
∂2
T.
(C.2)
In order to find the Newtonian Potential Energy between two localized spinning point-like
sources, let us consider the following energy-momentum tensors
T00 = maδ
(2)(x− xa), T i0 = −1/2Jaij∂jδ(2)(x− xa). (C.3)
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Here a = 1, 2 and ma and Ja are the mass and spin of the sources, respectively. With these
definitions, the scattering amplitude in Eq.(C.2) reduces to
4A = − 2µ
m2g
T
′
00G(1)(x,x
′
, t, t
′
)η0ij∂jTi0 +
2µ
m2g
T
′
i0G(1)(x,x
′
, t, t
′
)η0ij∂jT00
+
µ2
κm2g
T
′
00G(1)(x,x
′
, t, t
′
)T00 − 4µ
2
κm2g
T
′
0iG(1)(x,x
′
, t, t
′
)T0
i
+ κT
′
00G(2)(x,x
′
, t, t
′
)T00,
(C.4)
where Gˆ(1)(x,x
′
) and Gˆ(2)(x,x
′
) denotes the corresponding green functions:
G(1)(x,x
′
, t, t
′
) =
1
∂2 −m2g
− 1
∂2
, G(2)(x,x
′
, t, t
′
) =
1
∂2
. (C.5)
Thereupon, by virtue of Eq.(3.33) and taking the time integral, one can obtain
4U = µm2J1
m2g
∫
d2x
∫
d2x
′
δ(2)(x
′ − x2)Gˆ(1)(x,x′)∂i∂iδ(2)(x− x1)
− µm1J2
m2g
∫
d2x
∫
d2x
′
∂
′
iδ
(2)(x
′ − x2)Gˆ(1)(x,x′)∂iδ(2)(x− x1)
+
µ2m1m2
κm2g
∫
d2x
∫
d2x
′
δ(2)(x
′ − x2)Gˆ(1)(x,x′)δ(2)(x− x1)
− µ
2J1J2
κm2g
∫
d2x
∫
d2x
′
∂
′
iδ
(2)(x
′ − x2)Gˆ(1)(x,x′)∂iδ(2)(x− x1)
+ κm1m2
∫
d2x
∫
d2x
′
δ(2)(x
′ − x2)Gˆ(2)(x,x′)δ(2)(x− x1),
(C.6)
where the time integrated Green’s functions are
Gˆ(1)(x,x
′
) =
∫
dt
′
G(1)(x,x
′
, t, t
′
) =
1
2pi
(
K0(mg|x− x′ |)− ln(mg|x− x′ |)
)
,
Gˆ(2)(x,x
′
) =
∫
dt
′
G(2)(x,x
′
, t, t
′
) =
1
2pi
ln(mg|x− x′|).
(C.7)
Thus, by evaluating the integrals, one will eventually get
U = κm
2
g
16pi
(
κm1J2
µ
+
κm2J1
µ
+ J1J2
)
K2(mg|x1 − x2|)
+
κm2g
16pi
{
2m1m2
m2g
+
(
κm1J2
µ
+
κm2J1
µ
+ J1J2
)}
K0(mg|x1 − x2|),
(C.8)
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here we have used the identity in Eq.(3.42). Observe that, in addition to spin-spin and
mass-mass interactions, there also occur spin-mass interactions due to topological mass µ
that induces a additional spin defined by
J inda =
κma
µ
, (C.9)
which changes the initial spin of the particle as
J tota = Ja + J
ind
a , a = 1, 2. (C.10)
Finally, the associated Newtonian potential energy reads
U = κm
2
g
16pi
{(
J tot1 J
tot
2 −
m1m2
m2g
)
K2(mgr) +
(
J tot1 J
tot
2 +
m1m2
m2g
)
K0(mgr)
}
, (C.11)
where r = |x1 − x2|. Let us consider the small and large distance behaviours of potential
energy. As for the small distance, by keeping in mind that the modified Bessel functions
behave like
K0(mg|r ∼ − ln(mg|r|)− γE, K2(mg|r|) ∼ 2
m2g
1
|r|2 , (C.12)
then we have
U ∼
κ
8pi
(
J tot1 J
tot
2 − m1m2m2g
)
r2
− κm
2
g
16pi
(
J tot1 J
tot
2 +
m1m2
m2g
)(
ln(mgr) + γE
)
. (C.13)
Finally, for large distances, the Newtonian potential can be obtained as
U ∼ κm
2
gJ
tot
1 J
tot
2
8pi
√
pi
2mgr
e−mgr, (C.14)
where we have used the Eq.(3.47).
D Shock wave geometry
In this part, we will review the shock wave geometry which is relevant for chapter 4 discussed
in the thesis. Suppose (t, x, y) be the coordinates in the flat space. The shock wave metric
generated by a high-energy massless particle moving in the +x direction with 3 momentum
as pµ = |p|(δµ0 + δµx):
ds2 = −dudv +H(u, y)du2 + dy2, (D.1)
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where u = t−x and v = t+x are null-cone coordinates. The corresponding energy momentum
tensor produced by this particle can be given as Tuu = |p|δ(y)δ(u). For the sake of simplicity,
let us rewrite the shock-wave metric in the Kerr-Schild form as [75]
gµν = ηµν +H(u, y)λµλν , (D.2)
where ηµν is the Minkowski metric and the λµ is a vector which verifies the following prop-
erties
λµλµ = 0, ∇µλν = 0, λµ∂µH(u, y) = 0. (D.3)
For the null cone coordinates in three dimensions, the only non-vanishing components of
Minkowski metric ηµν are ηuv = −12 and ηyy = 1 and hence we have det g = det η = −14 .
Firstly, one needs to find the Christoffel symbols in the Kerr-Schild form. It can be given as
2Γσµν = λ
σλµ∂νH + λ
σλν∂µH − λµλνησβ∂βH, (D.4)
with which non-vanishing components are
Γyuu = −
1
2
∂yH(u, y), Γ
v
uu = −∂uH(u, y), Γvuy = −∂yH(u, y). (D.5)
Note that λ contractions of the Christoffel symbol are λσΓ
σ
µν = 0, λ
µΓσµν = 0 and the Riemann
tensor can be given in terms of the metric function H as
2Rµανβ = λµλβ∂α∂νH + λαλν∂µ∂βH − λµλν∂α∂βH − λαλβ∂µ∂νH, (D.6)
and followingly Ricci tensor and the ”Box” of the Ricci tensor (which are needed in the case
of NMG as discussed in the chapter 4) become
Rµν = −1
2
λµλν∂
2
yH(u, y), Rµν = −
1
2
λµλν∂
4
yH(u, y). (D.7)
On the other hand, as for the TMG case, one needs to find the Cotton tensor in terms of
profile function H. For that reason, one can easily show that Levi-Civita symbol can be
written in the shock wave geometry as 17 ηuvy = 2. Finally, Cotton tensor can be recast in
the following form
Cµν =
1
2
λµλν∂
3
yH(u, y). (D.8)
Consequently, by using all this set-ups, one can obtain the shock wave solutions in various
gravity theories, which we have done in the chapter 4 above. Now, we shall be interested
the spin-2 perturbations about shock wave background as gµν = g¯µν + δgµν .
17This corresponds to the sign choice txy = −1.
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D.1 Perturbations about the Shock Wave
In this part, we shall consider the perturbation as hµν ≡ δgµν and choosing the light-cone
gauge which seems to be probably the most convenient choice for computations. So we start
with
hvµ = 0, (D.9)
or equivalently λµhµν = 0 and one can easily satisfies the following relations in light-cone
gauge
Γσµνh
µ
σ = 0, Γ
σ
µνhσα = −
1
2
λµλνhyα∂yH, Γ
σ
µνh
µ
α =
1
2
λσλνh
y
α∂yH. (D.10)
The linearized Christoffel connection can be obtained as
δΓσµν =
1
2
ησα
(
∂µhνα + ∂νhµα − ∂αhµν + λµλνhαy∂yH
)
−Hλσ∂vhµν , (D.11)
whose components are
δΓuµν = ∂vhµν ,
δΓvµν = −∂µhνu − ∂νhµu + ∂uhµν − λµλνhyu∂yH + 2H∂vhµν ,
δΓyµν =
1
2
(
∂µhνy + ∂νhµy − ∂yhµν + λµλνhyy∂yH
)
.
(D.12)
By using of Eq.(D.12), the linearized Ricci tensor can be computed as
δRµν =
1
2
(
∇σ∇µhσ ν +∇σ∇νhσ µ −hµν −∇µ∇νh
)
, (D.13)
which reduces to the following form in this gauge
2δRµν = 2∂(µ∂σh
σ
ν) + λµλν∂yH∂σh
σ
y + hλµλν∂
2
yH − gαβ∂α∂βhµν
+ 4∂yH∂vλ(µhν)y − ∂µ∂νh+ Γσµν∂σh,
(D.14)
and then the linearized curvature scalar can be found as
δR = ∂µ∂σh
σµ −h. (D.15)
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To compute linearized Cotton tensor, one needs to find linearized Cotton tensor in a arbitrary
background. It can be given as [76]
2δCµν =− h
2
Cµν + ηµρσ∇ρδGνσ + ηµρσ δΓνραGασ + µ↔ ν
=− 3h
2
Cµν − 1
2
ηµρσ∇ρhνσ + 1
2
ηµρσ∇ν∇λ∇ρhσλ
+
3
2
ηµρσ∇ρ(Sλνhλσ) + 1
6
ηµρσ R∇ρhνσ − 1
2
ηµρσ Sνσ∇ρh
− 1
2
ηµρσ hλσ∇λSνρ + ηµρσ Sλρ∇νhλσ + ηµρσ Sσλ∇λhνρ + µ↔ ν,
(D.16)
where traceless Ricci tensor Sµν is defined as Sµν = Rµν − 13gµνR. For the shock wave ansatz
Eq.(D.1) as well as imposing the light-cone gauge, Eq.(D.16) boils down to
2δCµν =− 3h
4
λµλν∂3yH −
1
2
ηµρσ∇ρhνσ + 1
2
ηµρσ∇ν∇λ∇ρhσλ
− 1
2
ηµρu δνv∂
2
yH∇ρh−
1
2
ηµuy hλyδ
ν
v∇λ∂2yH + ηµyu ∂2yH∇vhνy + µ↔ ν.
(D.17)
In the light-cone gauge, components of the linearized Ricci tensor can be given as
δRuu = (∂u∂y + ∂yH∂v)f + (2H∂
2
v −
1
2
∂2y)g +
1
2
(∂2yH +
1
2
∂yH∂y − ∂uH∂v − ∂2u)h,
δRuv =
1
2
∂v∂yf − ∂2vg −
1
2
∂u∂vh,
δRuy = (2H∂
2
v + ∂u∂v)f − ∂v∂yg +
1
2
∂yH∂vh,
δRvv = −1
2
∂2vh,
δRvy = −∂2vf,
δRyy = −2∂v∂yf + 2(H∂2v + ∂u∂v)h,
(D.18)
where g, f and h are functions of all coordinates and defined as g ≡ huu, f ≡ huy, h ≡ hyy.
So the linearized Ricci scalar can be obtained in terms of these functions
δR = 4
(−∂v∂yf + ∂2vg +H∂2vh+ ∂u∂vh) . (D.19)
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Components of the linearized Cotton tensor can be computed as
δCuu =
1
4
(
(−10∂yH∂v∂y + 4∂uH∂2v + 16H2∂3v − 4H∂v∂2y + 16H∂2v∂u + 4∂v∂2u
− 4∂u∂2y − 6∂2yH∂v)f + (−4∂yH∂2v − 8H∂2v∂y + 2∂3yg − 4∂v∂u∂yg)g
+ (∂yH(12H∂
2
v − ∂2y + 8∂v∂u) + 2∂uH∂v∂y + 4∂u∂yH∂v + 4H∂v∂u∂y
+ 2∂2u∂y − 3∂2yH∂y − 3∂3yH)h
)
,
δCuv =
1
2
∂2v
(
− (4H∂v + 2∂u)f + ∂yg + (−∂yH +H∂y)h
)
,
δCuy = (−2H∂2v∂y − 2∂v∂u∂y − 3∂yH∂2v)f + (−2H∂3v + ∂v∂2y − ∂2v∂u)g
+ (∂uH∂
2
v + ∂v∂
2
u −
1
2
∂yH∂v∂y − ∂2yH∂v +H(2H∂3v + 3 ∂2v∂u))h,
δCvv = ∂
2
v(∂vf −
1
2
∂yh),
δCvy = ∂
2
v (∂vg − (H∂v + ∂u)h) ,
δCyy = ∂
2
v (−4(H∂v + ∂u)f + 2∂yg − 2h∂yH) .
(D.20)
In the light of above derivations, TMG field equations can be written in terms of shock
wave coordinates . But because field equations are simply too cumbersome, for the sake
of simplicity, let us make a simplification by working away from the source which leads to
∂yH = −mgH. With this simplification, each components of TMG field equations read
∂2v
(
2∂vf + (mg − ∂y)h
)
= 0 vv − component (D.21)
∂v
(
(−4H∂2v +mg∂y − 2∂v∂u)f + ∂v∂yg − (mgH∂v −H∂v∂y +mg∂u)h
)
= 0
vu− component
(D.22)
∂2v
(
−mgf − ∂vg + (H∂v + ∂u)h
)
= 0 vy − component (D.23)
∂2v
(
2(H∂v + ∂u)f − (mg + ∂y)g −mgHh
)
= 0 yy − component (D.24)
(mgH∂
2
v − 2H∂2v∂y −mg∂v∂u − 2∂v∂u∂y)f + (−2H∂3v +mg∂v∂y + ∂v∂2y
− ∂2v∂u)g + (2H2∂3v + 2H∂u∂2v +
H
2
mg∂v∂y − H
2
m2g∂v + ∂v∂
2
u)h = 0
uy − component
(D.25)
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(−2m2gH∂v + 2mgH∂v∂y + 16H2∂3v − 4H∂v∂2y + 12H∂2v∂u − 4mg∂u∂y − 4∂u∂2y
+ 4∂v∂
2
u)f + (−2m2gH∂y − 4mgH2∂2v +mgH∂2y +m3gH + 2mgH∂u∂v + 2mg∂2u
+ 2H∂u∂v∂y + 2∂
2
u∂y)h+ (−8H∂2v∂y + 2mg∂2y + 2∂3y − 4∂v∂u∂y + 4mgH∂2v)g
= 0 uu− component
(D.26)
After obtaining linearized field equations of TMG, let us compute the linearized equations of
NMG around the shock-wave background. For this calculations, we will impose the light-cone
gauge and suppose that the perturbation is also traceless, in other words h = 0, otherwise
the linearized field equations are complicated. Thereupon, the perturbation is simply given
by
hµν(u, v, y) =

g 0 f
0 0 0
f 0 0
 .
By using of this, NMG field equations can be calculated. But because the field equations are
somewhat lengthy, let us consider on them again by working away from y = 0 which yields
∂yH = −mgH. Then the components of NMG equations are
∂4vg − ∂3v∂yf = 0 vv − component (D.27)
(−4mgH∂3v +m2g∂v∂y + 2∂2v∂u∂y)f + (−∂2v∂2y + 2∂3v∂u + 4H∂4v)g = 0
vu− component
(D.28)
(−4H∂4v − 4∂3v∂u −m2∂2v)f + ∂3v∂yg = 0 vy − component (D.29)
(−4mgH∂3v + 2H∂3v∂y + 2∂2v∂u∂y)f + (−∂2v∂2y + 2∂3v∂u + 2H∂4v +m2g∂2v)g = 0
yy − component
(D.30)
(m2g∂v∂u − 2∂v∂u∂2y + 4∂2v∂2u − 4H∂u∂3v + 5mgH∂2v∂y − 2m2gH∂2v − 2H∂2v∂2y
+ 12H∂3v∂u + 8H
2∂4v)f + (−m2g∂v∂y + ∂v∂3y − 3∂2v∂u∂y + 3mgH∂3v
− 4H∂3v∂y)g = 0 uy − component
(D.31)
(−8mH∂u∂2v − 2∂u∂3y + 6∂v∂2u∂y + 2m3H∂v − 7∂yH∂v∂2y + 24H∂yH∂3v
− 2H∂v∂3y + 10H∂2v∂u∂y + 8H2∂3v∂y + 2m2∂u∂y − 5m2H∂v∂y)f
+ (−4∂v∂u∂2y − 7∂yH∂2v∂y + 2∂2v∂2u − 6H∂2v∂2y + 6H∂3v∂u
+ 8H2∂4v −m2∂2y + ∂4y − 3∂2yH∂2v)g = 0 uu− component
(D.32)
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E Scattering amplitudes in Massive Gravity
To be able to obtain eikonal scattering amplitudes in massive gravity theories which we have
done in the chapter 4, the most easiest way to introduce a complete set of orthogonal six
projection operators in the space of symmetric tensor fields as
P (2)µν,ρσ =
1
2
(θµρθνσ + θµσθµρ − θµνθρσ) , P (0,s)µν,ρσ =
1
2
θµνθρσ ,
P (1)µν,ρσ =
1
2
(θµρωνσ + θµσωνρ + θνρωµσ + θνσωµρ) , (E.1)
P (0,w)µν,ρσ = ωµνωρσ , P
(0,sw)
µν,ρσ =
1√
2
θµνωρσ , P
(0,ws)
µν,ρσ =
1√
2
ωµνθρσ ,
which are obtained from the transverse and longitudinal projectors [77, 78]
θµν = ηµν − ∂µ∂ν , ωµν = ∂µ∂ν .
Firstly, let us expand Lagrangian density of Einstein-Hilbert term, one obtains
L(2)EH = σ
√−gR = σ
2
hµν
[
P (2)µν,ρσ − P (0,s)µν,ρσ
]
hρσ . (E.2)
To calculate the propagator one needs to add a term in the Lagrangian fixing the de Donder
gauge,
Lgf = − 1
2α
∂µ(
√−ggµν)∂λ(√−ggλν) , (E.3)
whose second order expansion takes the form by virtue of the above projector operators
L(2)gf =
1
2α
hµν
[
1
2
P (1) +
1
2
P (0,s) +
1
4
P (0,w) − 1
2
√
2
(P (0,sw) + P (0,ws))
]
µν,ρσ
hρσ . (E.4)
On the other hand, to write TMG propagator in terms of projection operators, one needs
find the second order expansion of the Chern-Simons term which is given in [79]
L(2)CS =
1
µ
ελµνΓρλσ
(
Γσρν,µ +
2
3
ΓσµτΓ
τ
νρ
)
=
1
2µ
hµν
[
S(1)µν,ρσ + S
(2)
µν,ρσ
]
hρσ , (E.5)
where we have used the following spin projection operators
S(1)µν,ρσ =
1
4
(εµρλ∂νωλσ + εµσλ∂νωλρ + ενρλ∂µωλσ + ενσλ∂µωλρ ) , (E.6)
S(2)µν,ρσ = −
1
4
(εµρληνσ + ενρληµσ + εµσληνρ + ενσληµρ)∂λ .
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Accordingly, by using Eq.(E.5), one can obtain the gauge-fixed propagator for TMG as
follows (we set α = 1):
DTMGµναβ =
i4(−p2)
(−p2)3
µ
− (σµ)2
µ
(−p2)2
[
−σµP (2)µν,αβ −
1
4
(µαλθβν + µβλθαν + ναλθβµ
+νβλθαµ)(ip
λ)
]
+
4
σ(−p2)
[
P
(1)
µν,αβ − P (0,s)µν,αβ
−
√
2
(
P
(0,sw)
µν,αβ + P
(0,sw)
αβ,µν
)]
. (E.7)
Finally, for the NMG, the second order expansion of the Lagrangian density takes the form
L(2)K =
1
4m2
hµνP (2)µν,ρσ2hρσ , (E.8)
which yields the propagator
DNMGµναβ =
im2
(−p2)(−p2 + σm2)P
(2)
µν,αβ +
2i
σ(−p2)
[
P
(1)
µν,αβ − P (0,s)µν,αβ
−
√
2
(
P
(0,sw)
µν,αβ + P
(0,sw)
αβ,µν
)]
.
(E.9)
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